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PREFACE. 


The Work now presented to the Public, con- 
sists of four distinct Treatises. Of these, the three 
first are in some degree connected: athe fourth 
has no relation whatever to the preceding. 

The first is entitled, with some impropriety 
of language, a Treatise on Physical Astronomy ; 
containing, in fact, little more than the most 
important parts of the Lunar Theory, This* the* 
Author has been induced to publi.sh, because an 
elementary treatise on the problem of Three Bodies 
is yet wanting in Cambridge. It appeared desirable, 
that this important subjectshouid.be treated in such 
a manner, as to make it generally aceessible'to 
Students of the University, and easy to introduce 
into the Public Lectures. The entire neglect of 
the analytical mode of treating Physical Astronomy, 
cannot be considered otherwise than as a defftt 
ii\, our Mathematical System. The methods of 
Newton are beautiful, but they have all the im- 
perfection which necessarily accompanies first 
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attempts : for the explanation of some of the 
Lunar inequalities,, they are hardly sufficient; and 
for . the calculation of most, they are quite inade- 
quate. For other branches of Physical Astronomy, 
as the Planetary Theory, their inadequacy has 
never been questioned. Yet in this University, so 
complct^]^ was the attention long confined to the 
works of Newton, that a few years since, it might 
justly be said, that we were far behind the rest 
of the world. The large svork of Vince was by 
no means calculated for general use; the valuable 
treatise of Professor Woodhouse was the first work 
on this subject published in Cambridge, whose size 
and general character placed it within the reach 
of students, and whose plan was so comprehensive, as 
*to g'vc extensive information on every case of the 
Problem of Three Bodies. It is scarcely necessary 
to say, that the short Tract now presented to the 
Public, is not intended, in the slightest degree, to 
supersede the Treatise- of Professor Woodhouse. 
But valuable as that Treatise is to the student of 
talent and acquirements, it is not found to be per- 
fectly adapted for general instruction. The Author 
of the present Work, has endeavoured to put the 
lAinar Theory in such a form, that all may be 
able to comprehend it. By dividing it into Pro- 
positions, in the manner which experience shews 
to be the best adapted for most readers, he hopes 
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to allure some, who *, might be deterred by long 
Chapters and investigations without enunciations. 
By referring to the Principia, wherever it, is possible, 
he aims to give the subject that interest, which the 
connexion between different systems generally ex- 
cites. The present publication he regards* as little 
more than an experiment; he has, therefore, con- 
fined himself to the Lunar Theory. The student, 
to whom the methods of the Lunar Theory are 
familiar, will fiave no difficulty in reading the 
able explanation of the Planetary and succeeding 
theories, in the latter part of Professor Woodhouse’s 
work. 

The second Tract is on the Figure of the 
Earth, first considering it as •homogeneous,^ and^ 
next as heterogeneous. On the Earth’s form, sup- 
posing it homogeneous, the only treatise generally 
read in the University, is Maclaurjp’s Prize Disser- 
tation on the Tides. Though the best parts of that 
elegant essay apply to the Earth’s figure, equqjly 
as affected by tides, or by centrifugal force, yet the 
writer’s object has made him treat more particularly 
of the former. As a treatise od the Figure of 
the Earth, it is, therefore, imperfect: some additions, 
also, have been made to this theory by later 
writers. The first part of the present treatise it is 
therefore hoped will be found useful. With respect 
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to the second^ it is only necessary to observe, that 
there is no book commonly used in Cambridg;e in 
which Clai^aut’s theorem is demonstrated ; although 
within a short time more extensive series of pen- 
dulum experiments have been made to determine 
the ellipticity of the Earth, than were ever made 
before. The admirable work of Clairaut, besides 
the inconvenience of being written in a foreign 
language, is loaded with so many speculations, re- 
lating little to the subject, i .at it can never be much 
used. To supply this defect, the author has en- 
deavoured in the second part to make the theory 
of the Earth, supposed heterogeneous, accessible to 
Cambridge students. He has also slightly alluded to 
the cifecl of the Earth’s ellipticity on the motion of 
the Moon. 

c «r o 

On Precession and Nutation, considered with 
reference to theirjihysical causes, there is no treatise 
in use in the University. The propositions of 
Newton arc both imperfect and erroneous ; and the 
necessity for some treatise on this subject is shewn 
by the circumstance, that most students are familiar 
with the facts of Precession and Nutation, while 
vqry few arc acquainted witli their causes. This 
the author has endeavoured to supply ; taking Frisi’s 
theorem as the foundation, he has shewn how, from 
assumed data, the numbers of Precession and Nu- 
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(ation can be calculateil, and how, from observations, 
the Moon’s mass and Earth’s, elliptiEity may be 
found. In this is comprehended the supposition of 
the Earth’s variable density. These three treatises, 
which might all be included under the titln of physical 
Astronomy, will enable the aspiring student to com- 
prehend every theorem of importance relating to 
the form and motions of the Earth and Moon. 

The fourth treatise, on the Calcnkis of Vari- 
ations, :s printed with ..he others merely because it 
is too smt.lt lo he published alone. On this subject, 
tlse i.iost beautifid of all the branches of the Differ- 
ential Calculus, the translation of Lacroix, commonly 
used in Cambridge, is singularly confused and 
unintelligible. Professor WooShousc’ti intertstin^jp 
treati.se on Isoperimetrical Problems, taking the 
subject in an historical order, is, of course, unfit for 
the student. Some of the subjects of the preceding 
tracts arc really difficult; but it) this theory, which 
is usually viewed with far greater terror, there is 
little more difficulty than in the common theory of 
Maxima and Minima. By adhering rigorously to 
principles, by exemplifying every formula, and by 
avoiding the investigation of useless theorems, the 
author hopes that he has removed many of the dif- 
ficulties which have been thought to beset this 
theory. 
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The author has to apologi'^e for the introduction 
of an uncommon symbol of integration. For the 
student who confines himself to the use of differential 
coefficients^ it appeared necessary to employ a symbol 
which shou'd not require the use of a differential : 
no confusion^ it is imagined, will be occasioned to 
those who do not adopt that system. The definition 
of a differential coefficient referred to throughout the 
work is “ the limit of the ratio of the corresponding 
increments of the function and the independent 
variable.” 

The Syndics of the University Press, from the 
funds of which they have the management, have 
contributed most liberally to the exper . . of publish- 
ing Uie work : and \.he author takes this opportunity 
of publicly acknowledging his obligations. 
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IfJTRODUCTlON. 


In our succeeding investigations, the following equation 
will se\cial limes occur, and it will therefore be convenient 
to preniivse its solution. 


-As the cases of it which will present themselves arc dis- 
tinguished by some peculiaiitics^ wc shall here consider each 
of them separateK. 

15^ the notation Jq cos COS 710. cos md-f- jR, &c* 

wc mean w'liat are usually written 

f COS nd . O . y'cos nQ . cos mO + D .dO, &c. 

they are the quantities whose difFerentia l^ coeffic ients, with re- 
spect to 0, are cos //0 . H, cos n6 . cos md ^D, &c. 


1. Prop. 1. 


To solve the equation 


d0* 


+ ii*« + © = 0; 


0 being a function of 9 and constants only. 

Multiply the equation by cos n0, 

then C09 n0 cos rifl • w+cos»d. 6«*0f 
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integrate the first term by parts; 

« i rf*w . du • du 

then cos =cos nQ . — ^-nj^ sin nfi . ^ 


dQ 

du 


= cos n 0 . ~ + n sin n 6 . u—n*Jg cos nd . «• 
• du 

c 

Hence^ the integral of the whole is 
« rftt 

cos •'J0 +w.8in W0.U + cos ii0. 0 = 0, 

the arbitrary constant being in (uded in the sign of integration. 
Divide this equation by cos^h0: 

du 

. dB , wsinn0.fl , 1 ^ ^ 

then H H cos n0 . 0 = 0 : 

cos n B cos n B cos w 

integrating, ■ “ - 5 +^^ — ^/^cos nfi . 0=0, 

COS wP cos »0 

« 

or u = — cos nO / d — ^ — - ./g cos n 0 .O. 

" cos* M0 *''' 

JS 

3 . Cose 1 • Let 0 = 0 , or -7^ + w*m = 0 • 

du 

dien cos «fi.e=0;/g cos n 0 . 0 = — C; 

uzscosvb/I — = C 08 n 0 tanf < 0 +’ C '^ 
cos w0 v» y 

Q 

= -sin »0 + C^ cos w0. 
n 

This may be put under the form A cos (n 0 + £), 


makin** ^ cos JB = C, A sin 5= — — . 

n 
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Or under the form E sin 


making EcoaF= — , JEsinFssC't 


3. Case 2. Let 0=— a; 

then Tfl cos . 0 = — — sin nd- C; 

ti 

n r sinwO C \* 
«= cos nd ,/«(—. — — a + — s~q) 
*■' \n cos nu cos no.' 

= COS nd . ^ ~ tan nO + 

\u cos nu n y 

CJ 

= - . -h - sin nd + Cf cos nd, 
u n 

gg 

or s= ~ 4-yl cos {nd -f B). 

4. Case 5>. Let , cos md + 1) : 


then cos 110 . 0 , or b f0 cos nd . con md+ D, 
integrating by parts, • 


= - sin 7id . cos md + D + —■ fa sin nd asin tnd + D 
m, n 


mi 


- sin nd . cos md + D j cos nd . sin md + D 


m*6 


H ^ QOS nd .con md+D. • 


Hence cos w0. cos wi0 + D 


= “5 5 (m tosnfl . sin m04-D — n sin n0.cos + + C. 

fW — It 
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„ = co 8 «d + 


+• COS 


sinmd-^^D ^ nsmnO .cos. mO+I)^ 
cos n 9 cos* 

C 


hbJ 9 ' 


COS* 710 

y ^ . COS rn0’{‘ D + — sin n0 + Cf cos tiO, 


m --H 


n 


or = : . cos tnd + D A cos w 0 -f- tf. 

m — /r 

5. Case 4. Let 0 = ft cf w0 + i). 

Then cos w 0 . 0 = - ( cos w 0 + D + cos D) ; 


. . , ft /sin ^;iw0-Hi> ^ 

Its integral = - ( ^ - ~ + 0 . cos D ) - C 

*2 V ‘in ' / 


ft /sin Q w 0 , cos I) cos 2 w 0 . sin D 


2 \ 2 m 


+ 0 cos JD^ — C; 


and 


ft /2sinw0.cos?<0.cos7) 

W= COSW0/fll ^ 

3 2 «cos ^/0 


-h 


(2cos"n0— I) sin I) 9 cos D> 


2 n cos' « 0 


cos"^ n 0 ^ 


c 


-fc - sin n9 + C COS //0 
n 


n r / r\ taiw#0 0 . J 1 \ 

= - COSM0/0( cosD. + - 4-8111 D. — ) 

2 V w COS W0 n 2//.C08 //0/ 


==--cos 


(J 

+ -sin«0-f (''cosM0 
n 

0.tanM0 


y.tannt# .^01 \ 

M0 ( cos L). +sin T). tan /i0 ) 

^ M « 2 n' / 


+ ~ 8iun0+C CO8M0 

7 i 


- ^ (j^smne+D-~mn0.nnD^ + ^ sinn0+Ccos«e. 
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Or, if we include the coef6<Bent — = sin D under the arbitrary 

4« • # 


C 

constant — , 
n 


b e . 


C 


tt = . “ sin w 0 + D + — sin n0 + C cos w0. 

S M n 


6. Remarks* If O consisted of several terms, the expression 
for u would contain one term corresponding to each. The 
part which depends upon the arbitrary constants, ^s entirely 
independent of B. The process above having shewn w'hat 
is the form of the ^expression of u, we may sometimes solve 
the equation with greater case, by assuming an expression with 
ijidelcrminate coeflicients. Thus, if we had the equation 


rPii 


dd' 


.j + /ru+a + b cos m0 -h /i 4- /) cos f/0 -f C2 — 0, 


we inisht assume 


M + A cos OfO + C) -4 D cos mO + JJ -4 ii cos </0 -4 Ci, 

and, .substituting this .series in the equation, determine the values 
of D and E. 

7 . When m does not differ much from w, it appears from 
(4), that the coefficient of cos m0-^D,\n the expression for 
t/, will be much greater than that in tlie original equation. 
This remark we shall find to be very important. 7'he solufion 
in the 4th case assumes a form different from any of the others : 
its peculiarity will materially affect our future operations. 


MOTION OP TWO BODIES. 


8. If the Sun were supposed to be at rest, the motion of 
a planet about it might be found by the formulae for central 
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forces. I'l ■ the equation = 0, (Whewell’s 

r du* h U 

Dynamics, Art. 18.) we must put for P the attraction of the 
Suii on the planet, and by solving the equation, we should find 
u ip terms of 0, and the form of the orbit which the planet 
describes woiild then be known. 

9 . In the actual case of the Sun and a planet, these bodies 
move about their common centre of gravity. Rut their relative 
motion will be the same as if we suppose the Sun to be at rest, 
provided we add to the accelerating forces which really act on 
the planet, another force equal and opposite to that which acts 
on the Sun. , For if the same acceh .ting forces be supposed to 
act on both, since the absolute motion which it communicates 
to both is the same, and iti the same direction, their relative 
motion will be the same as if that force did not act: and if 
that force be equal and opposite to the force really acting on 
the Sun, the Sun will be at rest. In the same way, if we add 
to the forces acting on the Sun, a force equal and opposite to 
that acting on the planet, the planet will be at rest, and the 
relative motions will %e unaltered. We shall generally make 
the latter supposition. 


10. Prop. G. The orbit which the Sun appears to describe 
about a planet is a conic section. 

Let M = mass of Sun (estimated by the accelerating force 
w[iich its attraction produces at* distance 1), = that of the 

planet : let their distance = r. The accelerating force on the 

Sun, on the law of gravitation, == that on the planet 

T 

M . 

= : if then we suppose this force applied in the opposite 

• ^ 

direction to the Sun, the whole accelerating force on the Sun, 

M+M' 

supposing the planet at rest, = j — = (M+Jtf') if 


ns-. Substituting this for P in the equation above, 
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<fM • M+M' 


the solution of which, by (3), is 

M+M' 


u = 


or r = 


+ A cos 6 4- /i, 
1 




*4“ A cos 04 -jB, 


which is the general polar equation to the conic sections, the 
focus being the pole! 

1 1 . The conic section which a planet appears to describe 
about the Sun, or the Sun about a planet, is an ellipse. Let 
a and e be the semi-axis-riiajor and eccentricity, then 

1 

^ — j - -- . 

Comparing this with the expression above* 

Mj- _ 1 

a(l— o' 

or A = — e®) {M + M') 

12. Prop. 3. To lind the time of describing any pyt 
of the ellipse, or to express rif (the mean anomaly) in terms 
of 0, (the true anomaly). 

dt 

By Whew^ell’s Dynamics, Art. 16, = y = (in the 

dd h 


present instance). 


ni. (1 — c’)^ 


1 


The rao8*t 


Jlf + M' (1 +c cos 9 + By 
convenient form into which this can be expanded, is a series of 
cosines of multiple arcs, as 

il -h C cos 0 -h jB -f -D cos 2 . d -f JB 4* cos 3 . 0 4* B 4- 8tc. 
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To effect we shall first expand *** - ' ~ in a similar 

’ 1 -i- f * cos 0 ^ B 


e+By/^ 

13. If for COS0+B, we put - (x = € ), 

• we have ‘ 

* .which will = - ^ , 

.+.c„9+/. (.+^.)(.+^) 

if a* + /3'* = l, 

From these equations o = ^ 1 + e + >y/ 1 — c) : 

^ ^ 2 (\/ ^ n/ t e) ; 

• - i + >/L-‘’'. ^ « 1.. 


4-11 


2 ' ’ a l+x/l 


; let this = X. 


1 + e cos 


e + Ii i+v/i'-/ 


(l+\x) (i +^) 


1 + >/ 1- ' (1 +Xx) (x +\) 


./_! 

1— er* 1— X* V|+X^ X 

5 J 'Ll 


1+^1 -V 


Expanding these fractions, and observing that 
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j 4- - = 2 COS 0 + J5, t* + “^ = 2 cos 2 . &c., 


1 + c cos 


e+ii l+v/l 


(I - 2\ cos 0 -f ii + 2X*. cos 2 .d+jB — 2\^. cos 3 . + &c.) 

x« 2 1 — • 

lJut I ~ A = r— . r= :: =r: ; hcnCC 

I + V 1 - 


i+ccos(^ + ./^ 1 — c 


;.( I — 2X . cost^-f- .fi-f 2X'^.cos2.y+ii— &c.) 


14. Now 


( 1 + c cos 6 + B) 


-. = -( 

!i)’ Vl + *■ 


cos Q-Y 


observing^ then, tliat 


- ( xp\ = +y \/ » - *') 

V V 1 * (» + >/ 1 (1 


( 1 cos 0 + BY ( 1 - c‘) 


f - o ^ ^ 
i*~(l-e*)* I* 1 


c ( > + ^ 1 — g*) 

1 + v^T-T* 


cos 0 + 


. e*(l+2 Vr-e") „ „ 

+ 2 . y — cos Q. ,0 B 

(1+Vl-eT 


(i+v'i-fV 


cos 3 . d 4- + &c. 


16. Heno. (15), X 
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{■ 


^2c co<> 0 -I- fi + 


ge*(l+g^/ ' i-e^) 


COS 2.0+ 6 — &c. 


f 


Integrating and correcting, so as to make /=0, when 0+/?=O, 
and putting 1 = n, 

c 

e® (1 +2 v/ 1 — 

n/ = 0+ 2e sin 0 -f W + -> sin2.0+W-&c. 

d+x/l-e’)* 


2 fP. ( 1 +p I — e') 


‘^1 p . 0 + /^ + &,r. 


For a whole re\oliitiori, suppose 0 increased by 27 r: then if T 
be the periodic time, 


nr=27r, or T = 


27r . 


l6. The term anomahf i.s used RCiierally lo tieiiote the 
«angul]r distaiv'c of that body which is supposed to move, from 
its apse. The true aiioiiialy, then, in the present case, is 0 + /?. 
But nt is an angle which is proportional to tlie time, and is 
that through which, if the body had moved uniformly with such 
an angular velocity, that it would have performed a revolution in 
the same time in which it does perform it, it would have moved 
in the lime t. It is therefore called the mean anonialv. 

17 * ff we cNpand these coefficients as far as 


n / = 0 + B — 2 c sin 0 + ii + 4 e* sin 2 . 0 + /{ - L gin 3 . 0+ /j. 

3 

* 18. Prop. 4. To find 0 + .B in terms of wf, or the true 
anomaly in terms of the mean. This must be done by 
Lagrange’s theorem. If y = z^x . 0 (y), then 
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Here y = 2 g ^2 sin ly — sin 2 mn 3 ; 

He , e* , • 

<^( 2 ) = 2 sin z — ■ - sill 2z + sin 3z ; 

4 3 

(f>(z) '=(*2 sin z sin 2 2 )’ 

4 

3r He 

= 2 — 2 cos 2 z ros z + — co.*# 3 2 ; 

2 2 ’ 


y |0 (z) f{ =4 sin 2z + — sin 


— . sin 3 2, 
2 


0 ( 2 ^’^ = 8 sin z = 6 sill z — 2 sin 3 2 ; 
— 0 sin 18 sin 3 2 ; 


( 3e . , f’ . \ r 

2 sin 2 — " sin 2z + ~ 3r ^ 

• 

/ . 3p . (K . * \ 

+ 14 sin 2z H sill z — — . sill 3z ) — 

V 2 2 / 2 

+ (18 sm 3z - fi sin z)— = z + ( 9k' — ) sin : 

f) v 

5e^ . 13 , . . s 

+ — sin 2z H e . sin 3z, as far as e . 

4 12 

- y e\ 

Or 0+ fit + sin nt 

0 5 c'" 13 

H sin 2 w f + ~ e'^ sin 3 n / + &c. 

4 12 

• 

19* The mean anomaly^ then, is that part of the true ano- 
maly, which is independent of periodical terms, as sines or 
cosines. This is the usual signification of the word mean, 
in Astronomy. 
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LUNAR THEORY. 


90. If the Earthy in its revolution round the Sun, were un- 
accompanied by any other body, it would accurately describe an 
ellipse. By the attraction of the Moon^ the orbit will be 
altered : to assist us in the discovery of the orbit really de- 
scribed, the following theorem will be useful. 


21. Prop. 4. The centre of gravity of the Earth and 
Moon describes about the Sun, very nearly, an ellipse in one 
plane, and the area passed over by its radius vector is very 
nearly proportional to the time. 


Let E and M, (fig. 1.) be the Earth and Moon, m the Sun; 
G the center of gravity of the Earth and Moon ; join m'E, mG, 
fn!M ; and draw JE7/, MK^ perpendicular to mG\ let mG =/, 
EM:=r, rnE^y, i m'GM=^w. Now the accelerating force 


of m* on £ in the direction Eni is therefore the moving 


m. E 

««force«>in that < direction = — r— ; therefore the moving force in 

y 

m\ E m'H 


direction parallel to Gm* is 


y 


£ r + G£ . cos c«i 

^y' y 

m , E {r +GE. cos w) 

. y" 

Sin\ilarly, the moving force on M in direction parallel to Gmf 
_ m'. M m'K 

" y^ * y 

m'. JIf (/ — GM, cos w) 


therefore the accelerating force on the center of gravity in the 
direction Gm is 
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m (E (r -\-G E cos w) JIf (r — GM cos 


l + m I 


y • 


And the moving force of m on E in direction ptTpcndicuhir to 


^ m.E EH 
Om IS — 3 — . 

r y 


m. E GE sin to 


that on iH = — 


m\M MK 

/si • / 

y y 


m. M . 

= 75— GM . sill w ; 

therefore the accelerating force on the centre of gravity in 
direction perpendicular to dm is 


M+E \ 


K . GE • sin ctf M . GM , 5 


u . sin w\ 

i T ) 


22. Now , "a 

/ (r'* + 2 /. GE . CCS « + (;£*>* 


( « . ,1 +CO.S 2f0\ 

putting for cos to its equal ^ j 

1 I . „ G£ , GJE* . 15 \ „ 1 

—3 — ^ cos ft) + —7^ \4 "4 ^ ^ I 

/ + GE • cos ft) If GE 
• .*• 3 = -j 1 — 2 . — cos ft) 


. G£® /'SO \ , 1 

+ -,i + “ cos 2 .wj + Scc.t. 
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.. r— GMcosft) 1 f GM 

Siinilarly, = >2 j ^ +2.- cos cei 

; GM^ /3 9 \ . I 


But GE = OM= i,~r ; 

Ji + M E-\-M 

hence, accelerating force on center of gravity in direction Gm 
m ( EM- + ME^ r A) J.5 \ 


^ iw r 

= 7 . } 
/ 

m c 

= 7^i 


+ &C. I 


17 < 1 + 


U: + Aif ‘ ? (4 T 

ME r /Q ]5 \ ) 


Now this differs from kv ^ quantity which is multiplied 

r 

✓ r 1 

by , and which, in the lunar theory, I where = 

^ 7- . V 7 400 

€• »J 411. 

nearly 1 is quite insensible. In the same manner, we find the 
accelerating force perpendicular to G m 

m 3 EM^ + ME’ r , 


m 3 ME r" 

7'’ ■ 2 ■ W -TjE)’ ■ 7* ■ *'” ® 


which, for the same reason, is too small to be perceptible in its 
effects. Hence, the center of gravity moves, very nearly, in the 
same manner in which a body would move placed at G. Simi- 
larly it appears, that the force on the Sun, and the motion of 
the Sun are the same, as if a mass =^E + M were collected at G; 
therefore the relative motion of the center of gravity about the 
Sun, is the same as that of a mass = E + M; that is, it will 
very nearly describe an ellipse in one plane, making the areas 
proportional to the times. 
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23. Cor. The Sun’s apparent^ longitude, theiofure, is not 
that found by the elliptic tiTcory, for that is his lengitiide as 
seen from G ; but must be found by adding to the longitude so 
founds the angle EmG, Now sin EmG or EniG, (since it 


IS 


a small aiigle^ 

M 


never exrrcding lO’O = 


EG 




IjG 


m 


— n . sin w nearly : and* since the orBits of the 

Earth and Moon are nearly circular, this angle varies as .sin lo 
very nearly. And if the Moon be above the plane of the ecliptic, 
the Ivarth will be below it, and the Siin will appear to have a 
latitude, which can be calculated from the latitude of the Moon. 


24. If the Sun did not attract the ICarth and Moon, or if it 
attracted them ecpiully, their relative motions would not be dis- 
turbed, and the Moon would accurately describe an ellipse 
about the Earth. But the Sun altract.s them iiiiec|ually, and in 
different directions ; .so that not oidy the force altered in the 
direction of the radius vector, but a foice also acts peipeiidicidar 
to it. And as the Moon’s orbit is inclined to the ecliptic, the 
disturbing force draws the Moon from tirti plain* in wliieli sin* is^ 
rijoving, and thus the plane of her orbit is perpi tually changing. 
There appears to be no belter mode of esliinating the disturbing 
force, than hv resolving it into three parts, one in die direction 
of the projection of the radius vector on the ecliptic, another in 
the plane of the ecliptic, perpendicular to this projf'etion, and a 
third perpendicular to the plane of the ecliptic. 

25. Prop. .3. To find the resolved jiart of the Sun’s dis- 
turbing force on the Moon, in the diiectioii of the projection of 
the radius vector on the ecliptic. 

Let E, M, rn y (fig. 2.), be the Earth, Moon, and Sun : 
G the center of gravity of the ICarth and Moon, which by 
Prop* 4., describes an ellipse in one plane about the Sun, or 
aboifl which the Sun appears to describe an ellipse in one plane: 
draw MBy EAy perpendicular to the plane of the ecliptic; join 
mM,m\By BGA : let mYJ = r, AB = p, EM = r, = 
tan 3fGB = ,«. Then AB is the projection of EM on the 
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plane of th^ ecliptic. The force of wi upon M is in the 

, m MG . ^ . 

direction Mtn , which is equivalent to -tj r- •“ direction 

y 

MG, and ^ ^ in direction parallel to Gm. 

, y ' y 

Resolving the force into one parallel to MB, and 

one parallel to BG, 

m.MG 


... . m . MG 

the latter = - ,3 - x cos MGB= -7- ':— = 

y .y 


and resolving the force — ^75 — into one parallel to BG, and 
another perpendicular to BG, in the plane of the ecliptic, 

tn. G m 


the former = -- 


y 


At 


COS rnGB. 


' Let 0 be thr longitude of M, seen from G; O' the longitude 

fi/ Gin 

of m': then £mGB = d~ff : and the part of — parallel 

.V 

to BG 


m 


■Gm' 


y 


r-. cos 


e-0'. 


Hence, the whole force on M in the direction BG, produced 
by the Sun’s attraction, is 

, ✓ MG Gm' - — 

Similarly, the whole force on £, estimated in the same di- 
rection, is 

JEG Gm' 
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If, then, in the same moifiier as in (9)^ we suppose' this force 
applied to M in the opposite direction, we^have, ft>r the whole 
disturbing force on M, in direction of the prAjection of the 
radius vector, • • 


, ( MG EG 


f t $ 

rm cos 




26, Prop. 6 . To find the resolved part of the disturbing 
force, which is parallel to the plane of the ecli])tiA, and per- 
pendicular to the projection of the radius vector. 


The only force •which acts in this direction on M is the 
ftt G fH 

resolved part of the force — acting parallel to (im\ which 


Gi 

y" 




(if we suppose the Moon to move so that the angle 0 increases, 
and if we consider the force as positive when it tends to ac- 
celerate the Moon’s motion). And the only forc^^)n K, m tin* 
same direction, is 


m . G iri 


sin 0 — 0\ 


Supposing this applied to M in the opposite direction, the 
whole disturbing force, perpendicular to the projection of |he 
radius vector 



27. Prop. 7 . To find the resolved part of the disturbing 
force, which is perpendicular to the plane of the ecliptic. 

The only force on M, perpendicular to the plan^' of the 
ecliptic, fs the resolved pari of the force in MG, ft is, 
therefore. 

i: 
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Ti/Ff^ fj 

= j .. — . Sin mO u 

m . MG s 

‘;7T+7- 

The force oiii E, in the same direction, is 

m . EG s 

Applying this to M in the opposite direction, \vc have, for the 
whole disturbing force perpendicular to the plane of the ecliptic, 

, s /MG EG\ 

V J + «' V i/ y ^ 

28. I^Roi'. 7 . To find the whole force upon M in these di- 
rections : or to iind 'l\ and 


Besides the <listurbing forces, we must also find the forces 
resulting from the mutual attraction of E and M. The at- 
^ I E M[ 

traction of E 'upon M= that of m upon 75= - 7 , in the 

r r 

opposite direction ; applying the latter to M with its direction 

changed, we have, for the whole force on Af, — acting in 

t'' 

tlic direction Af£. 'Fhe resolved part of tliis, in the direction 


of' the projection of the radius vector, is 


E-\-M 


X cos MGB 


_E + M 


tlie resolved part in the plane of the ecliptic, perpendicular to 
this projection, = 0 : the resolved part, perpendicular to the 
plane of tlie ecliptic, 

_ (E + M) s 
~ /(I +s‘)i • 
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If, then, wc pul P, T, aiid^ for the whole forces on M, parallel 
to the projection of the radius^ perpendicular to tlie projection 
of the radius, and perpendicular to the ecliptic, supposing E at 
rest, we have 


E+M 

pHl+s‘‘)i 



^^_(E + M)s ^ ms /'MG Eii\ 

And MU = . p ^7+? i no = P 


2<). We have now the values of the forces upon lit in three 
directions, considering E as fixed, must, therefore, in- 

vestigate the differential ecjiiatioiis, for the mclioii of 9 bod^ 

about a fixed centre, acted on by forces in these directions. 

« 

30. Prop. ?J. To find the differential equations for the 
motion of M about the fixed centre E. ^ 

Let be a straight line in the plane of the ecliptic, drawn 
from E tow'ards^ the first point of Aries: Mb perpendicular to 
the ecliptic : then, ^ £6 = Moon's longitude = d. Also, if .x, 
y, and z be rectangular co-ordinates (z being perpendicular to 
the plane of the ecliptic, and r measured on the line drawn 
towards the first point of Aries), 

r = p cos 9, y = p sin 9, z^ps. 

Anti X, or the force in direction of jr, = P cos 9 T sin 9, 

Y = -Psinfl+Tcosft 
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Hence the equations of motion 

if - y _ F =2 
dt'- ~ ’ df ~ ’ de 


are ciianged into the following, 

(It p p 

py ,T- 

rfr p p 


^ = -s. 
dr 

d^x d^v 


(Tx tf'f/ 

Hence, x +y -, = - P = - Pp. 

„ - ^ ^ (lx , <ly tip 

Hot X +v =F, xj; *)Tl=fdl' 

• -PTt'^ydi)' 

yi /'^^V . /<n®_ . •* 


Hence, since + (£) = (^) +F. , 

d*3- (i®y. <i*/9 j ✓dOx * 

*3? +■» i? ='’ d? “f t57-> ■ 

and, therefore, p-JJt~P \J^) ^~^P> 
tr-p 

” d?-<‘KTi) — ^ 

d^tt <i*X X*+l/* xn 

Also T~f -y:r-- =T^^=^Tp. 

dt* ''dr p 

„ (fy d*.r d / dy dx\ d / „ d0\ 

' J? - ■* S? = rf( V rfj - rf?) = W V • rf-,; ’ 



LUNAR THEORY. 







31, These equations (a), (A), (c), appear to bo the Simplest 
equations to which the motion of a point cun be reduced, lii 
their present form^ however, it is not possible to integrate them : 
we must obtain equations between p, 6, and independent of r. 
This is the object of the next proposition. 

• 

32. Prop. ]0. To eliminate / from the differential equations. 

Since, in their present form, t is the independetit variable, we 
must take some other quantity for the independent variable* 

Let this be 0. Now by equation (A), — ~ 

multiplying each side by^* 

.jl9 il / 

I d ✓ 5 d9\^ - . fl0 

••• idiVTi) 

A* bding a constant quantity ; 

hence and ^ 

f' dt V -T ./e / » ^0 »/h* + 2f,Tp* 
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dp de 

Now, to transform equation (o), we observe that ^ : 

this = p‘. 


dd 


dp 

^ ftp dp dd 
then s= ^ = — 


dt’‘ dt ^ 
dd 


.d^p dp d^t .. d^p 

I dd 'ld] _ dW 

““ TT • > f ■ t . ' / 


dp £t 

dd ■ dd^ 


dt i dt 


dd ^dd 


Now 


|ii (iiy 01')' 

^dd \dd^ ^ \dd/ \dd/ 


(-) 

\dd/ 

dH 


. ® /-T •' 

= ^ + ■ 


ilinWeiuiatltVg, + epy,') + ~ 

(35) 

hence, 0 +“j;v) 

<^y 




f£e a/'i'i’l r'is 

= \ ^ 
~ Ip * p* J ■ V p* y p ‘ 

\dt/ /^V <» 

KddJ 


let 
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Substituting these values^ the equation (a) becomes 

{ip o(i£>^ , rpiP^ 

uep “KdeJ iW**+2/;ro' _ ^ jb 


\UU 

^ p’‘ 


i[ a*+8/;v _ ^ 

fjJ />* • p ’ 


if. Q i’dfV 

” P ’ rfd " P» ' dB- ~ P* 

Hy this substitution, the equation becomes 

dn 

(- S - “) • (‘■+l/^7') ”■= - 

11 if 

(t It u* ?<■* * dB 

33, 111 tilt! same niaiiner, in equation (c), instead of - , 

' d I 

M'c must put 

d® (/DS) d (ps) t/V 

J0~ _ 

(Jjy - >5^ - 
\dB/ \dB/ 

or HP^^^'tlfoTp\ A^ + ‘2f,Tp\ dips) T 

de* K P* y dB dBp\ V /■*■ dF’p’ 

wiiic4i changes the equation to 

2 ^(ps) dp\ ^h’ + i/fTp'\ d(p.) T 

\d«‘ p-^mK )^~d» -p*^‘"- 
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Let p ; 

• < ms ^ 


d (ps) ^ KuJ dQ 

~d 0 ~ W 

, 2 dp 2 du 

aiso . — : = - . — ; 

p d 0 u d 0 


du 


d0 ^ 


ds du /dit\^ 

^Te’ds 


2 dp dips) _ d0 d0 

^~pd 0 ^ ~ir “ ' 


ds du y(iu\^ (l*u 

\ dt s ^d9'dd \iw) * 


//«> 




Ami 


d^ips) ^ 
d 0 ^ ~ 


11 d 0 ' 




substituting these in the equation^ 
(f s S 


u'dff^ I?\/0V “ • 0 + j/v) ^\d0^u 


d' s du M® Vm® (70 tt^‘ dd^ 


1 ds s du\ 






=0. 


But, by equation (d), 
d^u 


* P* 3’s rfw 

- . • «' M* <70 

* ^ +•'«+ y. - ,.. = 0 . 


, /* 


4<iiiing this to the last, 


A- + 2 


.S-Ps . 7’ ds 
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r rf_s 

fPs * I#’ «*' f/0 • 

or -7^ + s + /•~7» * =0^... 

A*+2y« . 




•W. 


34. By the solution of the two equations aiid (e)* we 
must express u and s in terms of 0, which will give^ tltb form 
and position of the orbit. The time of describing any part 
will then bo found by integrating the equation 


(I t 



35. J^ROp. 11. To expand the expressions for 
. > - r V 

ai.o 


1'lie expressions for P and T were found in Prop. 7 : and 
.S' Ps=^ m\ r'. s . cos (6 ~ ff) 

\ y * y / 

Now, ?/ = //i'*4)' -f A (fig. 2.) 

= r * + 2 r . Gil . cos 0 — ^ + GA’ + Gil*. s*\ 

/GA\^ 

E.Ypaiiding as far as J , 

= Ti {1 -3.^cm«=?+ ^ ^ cosS«-*')j . 

. „ ■ M I 

“M'-" v'(i 

1) 
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Siiuil&rly^ "“jz 

,3,3 




1 1 

y'^ y" 


*• I r E + M 4 /j 

Hnce, cos 0 — 6 (^-i) 

£ {j . 5 '« 2-:^+ /,; ( j m 9 - 9'> ph, 3 . 9^)} . 


And since i’G = AG \/l +s*= iT~“^P\/ l+A 

^ Jit “j" iH 

p 

and mG= j,- , -t>P\/ * +**> "® fin*! 


rMG EGy 


1 /MG EG\ p / E—Mp r — -i\ 

y/l+i'^y y' ^ E + M r /’ 

Delecting .powers of p above the square. 

Substituting these values, putting £ + ^f=p, and expanding 


<1+3’*)* 


as far as s*, 
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G + *~- 7 < (;»»«=S"+7e»»3.r?)). 

• ^ 

1 i ■ (^ *"* + 7 *ir»3;0-d') j , 

S- Vssitns. ^ + 2 2.0 — ^^ .* 

I • \ 

Now, putting - for p, and -7 for r, we find, at length, 
n u 

.ir-25\ «'V9 

'H \2 <2 •' M »<■* Vs 

<(3 //■’ . x-^7 E-'M «''/'J .• 

= -»j j-.— f sin2.6>-fl f .—(-Mill 

v2 u /A «■’ \a 

S-Ps , «'•’ /;j 3 - A 

— — =ws.— • (- + -cos 26 >-e I 
u u \2 2 / 


‘ff -^-^€083.0-0'^ 

}••■(/). 

. 1.5 \ 



j-fi?). 

s 2 0-e') 

(A). 


36 . It appf'ars, then, that upon substituting these values in the 

u • 

equation (rf), it will be reduced to this form, - H-w + H = 0, 

dv 


n being a complicated function of ?/, . 9 , and d, ^o mcliKMl 
of directly solving such an equation is known: but we have 
seen in Prop. 1 , that it could be solved, if II were a function 
of 9 only. This suggests the method of solving by siicccstive 
substitution. Find a value of u in terms of 0, which is nearly 
tbe*true one : substitute this value for u, in the terms of small 
magnitude; TI will then be a function of 9 only, and the 
equation may be solved, and a more approximate value of u 
found. Substitute this for u in 11, and again solve the equation, 
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and a value will be found still nes^rer the truth. Proceed iu 
the same mSniicr tq find the value of s. 


37. But, in order to carry on this process with facility^ it 
is lU'cessary to establish some rule with regard to the com- 
parative value of small (jiiantities^ so that, fixing upon some 
quantity a standard, our first approximation may include its 
first power, and the first powers of quantities nearly as great ; 
our second^ approximation may comprehend its square, and the 
squares of the others, and the products of any two, &c. Thus, 
let f be the eccentricity of the lunar r liit : e that of the solar 
orbit: k the tangent of the mean inclination of the lunar orbit 
to the ecliptic : m the ratio of the Sun’s mean motion to the 

Moon's mean motion. Here c= ~ nearly; e"= — ; A*= — ; 

ilO ^ do 12 


171 = : taking e, then, as our standard, e\ k\ and m, are small 

1 3 

quantities, not differing much in magnitude from e, and are 
therefore said to be small quantities of the first order. But, 

pi/.. ^1 

‘ or ‘ is liirilj more than - - , and therefore admits better of 
r n 400 

being compared with e' than with e : it is on that account con- 
sidered to be a small quantity of the second order: iw’'e, 

8cc. w'ould be called of the third order; &c. 


38. It is of importance to deteriiiine what is the order of 
the disturbing force on the Moon, compared with the force 
which is independent of the Sun’s action. Upon examining 
the expressions for P, T, and it will be seen that the 


matual attraction of the Earth and Moon is expressed by , 

P 

while the disturbing force is given by a multiple of -7^ . ‘‘We 

r 

/ 

sa p M 

must therefore find the order of , as compared with -7 , 
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fit 

or of compared wiih -j*. Now, by (15), if Jibe the line 

^ . P A . 

of a revolution of the Moon about the lilarth. in a circular 
orbit, (the disturbing force and the ellipticity being very sitiall) 

2’== — nearly : and, if T'* be the lime in which the syWni 

V M * • 

of the Earth and Moon (supposed very small in cbmparisoii 


with the Sun) revolves round the Sun, 2’^= 


./J 


\/ m 


yearly : 


hence 




m 


7 i 

and the disturbing force isS of the second order. 


1 : 


3f), Puop, 12. To integrate the diflferentiul equations, first 
approNimaiion. 

We propose here to include small terms of the first order# 
Since the disturbing force is of the second order, we shall not 
take any terms arising from it. I'hiis, liavc 






and the equations (f/) and (e) liccome ' 


+“- ? “«■ 




The solution of the first is 


u= { 1 + c cos (0 — a)| =a { 1 e cos (0— -a)}, 


puttting ^ a; that of the second, 

5 = & . sin (0 ~ 7). 

The first shew*s that the Moon^s orbit is an ellipse; the second, 
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that the tan latitude = k . sin longitude from node, and there- 
fore, that she apparently moves in a great circle. 


40. Piiop^. 13. To integrate the differential equations, se- 
cond approximation. 

0 

As terips of the second order are to be included, we shall 
here have the first terms of the disturbing force. 


therefore = ^ ( i - - , ) - ^ cos 2.6 - 6 ) , 


o ' M 

3 7)1 li 


Sin 2.6 — 6 : 7 — = 0. 


\Vc have just found for « the expression a (1 + e cos 6 — a) ; 
but it is evident, that in the substitution of this value, the 
terms containing e wiW be of the third ord.T. We shall there- 
fore for fi put 0 t: and for u shall put a (a in the Sun’s orbit 
corresponding to a in the Moon’s). AKo, for 6' we shall put 
the value which it \vo^!ld ha\e, if the motions of llu' Sun and 
^iVlooii both uniform, that is, />/6— /j, — fi being the 
Sun’s mean longitude, when 6 = 0. Thus, 


P / 


3 fr 3 A" 

- + ' cos 
4 4 


2.0-7) 


m'n^ /I 3 

~~ (2 + 2 CO .( 2 - 2/«)0 + ‘ 2 / i ); 


T 


H 


3 m a . - , 

- . . sm (2 — 2 m) 6 + 2 /i ; 

2 a 

.S - Ps 


41. In this and succeeding approximations, it w ill be found 
most convenient to put the differential equations (d) and (e) into 
the following form ; 
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5? +“+ Cir + V V ‘’•4^ - *v * *v' jii=" <*>■ 

d? +• ^ (,w + V V" *V •" >»> iv-dl ="■••'''• 

!Now, with the assumed value of ?#, * .j -f n=a, 

ci u 

r T 3 mV 

•/ * 4V = -T^) • kt- 


.i ' 


k) "in a 

= 7 • 7^“T COS (2 — 2 w) 0 + *2fi, 

4 /r« 

(s»ncc the preservation <if ?«, in the deiioiniiiator, w'ould inlro- 
riuee a term of the third order) 

/ffu \ ^ /* I* d - 

■■■ W+'V V' :v“'V4v 

■llitn ~ (l- + ■'* to»2.((.'.^V 

A «- V 4 4 

7n'u’* / I .O -, • viN 

A'^i’ ( il ^ + 2 /3) . 

2’ rf?/ r7/f 

And ^ , Since ' - involves e, is of the third order. 

h n' dO dd 

Hence, tlie equation becomes 


, 3k^a nia^ 3k^a 

®=:y^»+““‘*+ 4~'^iA^?“ 4 2-^-7 


/ /.J 

I O ff\ n O M r» /J 


The integral of this equation gives, by (4), u = 
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S k^a nia 3 - 

+...CO.S-5.- M.2.9-Y 

rt ' '3 

. + — ■ - ® r co 8(2 — 2»i) 0+2/J). 

/.V (2 -2 »«*-!) 

Or, taking th^ last term to the second order only, n = 

3 A;V/ nia . ^ 

<!i + flc cos a— o — — cos 2.0 — 7 

4 2A‘a 4 

+ 'ttV 


To take away -tt , we observe that d and a are nearly the re- 
h." 

ciprocals of / and ft, which occur in ( 38 ) : and, since 


n » 

r f 

I ''3 2 1 TU (I 2 ^ 2 

we have ma = f/» » a . a ; ~ 7 = /« . = w cr. 


Thus, the value of u becomes 

f 3 wi’ k^ 

a ^4-eco.s^fl—a— — .cos2.(^— 7 H“W*cos( 2 — 2w)0-f 2/3j 

The value of s is still k . sin 0 - 7, all the terms of its equation 
being of the tliird order. 

42 . Prop. 14. To integrate the differential equations, 
third approximation. 

, Since the disturbing force is now to be taken to the third 

' '3 ' '3 '3 3 

. . • ma 

order, the value of 3 , or 77-7- • -7; • “3» which occurs in 
h^u h a a'^ u 

fdd^ 

- , must be taken to the third order ; and as -rr-y is of the 
Am a a 
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second order. and -= must each be expanded to the first 

a ® II t 

power of e' and e. Putting for u the value foKnd In Prop. 12^ 
namely, u ( 1 + e cos 9 — o), 



^ = 1 — 3 c cos 


We will stop a moment to consider the effect of this term. 

0 

43, In consequence of the introduction of this term, our 
equation will have the following form; 

tPu 

O = + u + &c. + A cos 0 — o + 8lc. 


Its integral therefore by (6), will contain, in the expression 

for u, one term of the form — ~ 0 . sin 0 — o. The peculiarity 

of this term is, that while all the variable terms which have yet 
occurred, being sines or cosines, were periodical, and never ex- 
ceeded a certain value, (his term contains a fnrT^“ .ft . . ““Sch 
admits of increase without limit, and the value of the terra, 
instead of being confined within certain limits, may be of any 
magnitude. Our assumed expression then for u, viz.^ 

a (I +c cos 0 — a),» 

was not an approximate one, since terms will be added to it^ 
whose value may exceed its own ; and, as the operations of the 
last proposition were carried on upon the supposition that the 
assumed value of u was near the truth, the results* of these 
operations fall to the ground. 

44. But a slight alteration in the form of our assumption/ 
will extricate us from this difficulty. If we assutne 

tissa (1+^ cos ctf — a), 

and suppose c to differ very little from I, 

E 
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then -f"N=a(l + 1 — c*. e. cos cO — a). 


which^ as fair as quantities of the first order* = a ; and therefore 
the equation used in Prop. IS., is satisfied as well as it was 
be^^ore. And the equation of this proposition, viz. 


d^u 


0 = + II + 8cc. + A cos c9 — a + &c. 


or 0 = fl (1 + 1 — e cos cfl — a) + 8cc. 4- A cos c0 — a + 8cc. 
gives, by the comparison of coefficients of the same cosine, 


1 




f 

ae 


and there Is now no arc in any part of the expression for i/. 

45. Suppose, now, we substituted a(l + ecos c0-*a) for 
u, ^nTfie^pression for (/). The second term depending 

3 m'u^ 

on the disturbing force, is — ^ ■ -r . cos 2.0 — 0'. Now u\ 

2 nu * 

being the reciprocal of the radius vector in the elliptical orbit 

which the Sun appears to descr ibe about die Earth, will be 

depressed by d (1 + f' cos 0^— p, ^ being the longitude of the 

Sun’s perigee. And as 0 ssmO — /3, nearly, by (40), 

u ssd (1 + d. cos fw0— /3 — p, nearly ; 

^ (1 4- cosfti0 — /3 — 

It* (1 4- « cos c0 — af 

js 

— ^ (l+3e' cos 1110— /3— 3e cos c0— a). 
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neglecting &c« in the Expansion* Hencc^ the term in 
question 

j 

= — 2 • cos — /3 — 3 e cos c d— o) x cos 

Now cos 2 . d — 0^ =s cos (2 — 2 m) 9 + 2/3, nearly ; an <?, con- 
sequently, the product of cos r0 — a, and cos 2.0—* 0' will 
.contain cos (2— 2fii-f c)0*f 2/3 — a, and cos(2— 2in— c)0*f 2/3+a. 
But we have seen in (4), that upon solving the equation 

iTil 

0 = + M + &c. -h it COS A0 -h Ji, 

au 


there will be in the expression for n, a term 
A 

- COS 69 4* li» 
rr - I 


If then 6 differs little from 1, there willr>be a large term in the 
vjiluc of u. Now 2 — 2 im - c is in this case ; for tTvery^niarly' 
= I ; /. 2 — 2m — r = 1 — 2m, nearly; /. (2 — 2m — c)*— 1 
= —4m, nearly. And, since this term in tlie^ differential 
equation is of the third order, it will rise in the value of u to 
the second order. Our integration therefore to the second 
order is not correct, and we must repeat it, examining all the 
terms of the third order, and not rejecting those in which die 
coefficient of 0 is nearjy = 1. 


p 

46. We may also remark, that the first term of 77-^ which 

n u 


results from the disturbing force. 


mu 


* 


2 • AV 


wiU cootuin 


co8*^ *“ f or cos md — nearly, multiplied by a quantity 

of the third order. Since m is not nearly = 1, the resulting tonii 
in the expression for u will also be of the third order. Jlut 
when, after determiiung Uy we proceed to integrate the expression 
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upon expanding this fraction, there 


will be one term C. cos tn 0 — C being a quantity of 

the •third order, the integral of which will give, in the expression 


for t, *a term — sin fn 0 — iS — the coefficient of which is of 
m ^ 

the second order. Now the principal object in the lunar 
theory, is*to find B in terms of t, for which purpose, t must be 
found in terms of 0 . It will be proper, then, to include in our 
equation all those terms of the third or ^er,^ in w'hich the coeffi- 
cient of 0 is small, as w’ell as those in which it is nearly = 1 . 

47* Upon examining the equation for s, (/), (Art. 41.), it 
will be seen, that the same remarks apply t o it, as to that which 
determines n. Instead of taking sss^ sin 0 — 7, we must take 
s = . sin — 7: and must preserve, among the terms of the 
third order, all those in which the coefficient of 0 is nearly == 1. 
We shall now integrate our equations accurately to the second 
order* t 

48. ' Prop. 15. To find the value of 8 — 8^, sin 2 . 0 — 
and cos 2.0—8' to the first order. 

Since these in everyplace in which they occur, are multiplied 
by a quantity of the second order, we do not want to find their 
values to a higher order than the first. And to find ff in terms of 
0 to this order, we must find t in terms of 0, aud ff in terms of /• 



which to the first order = 


ha^ (1 + t cos cd — of 


= ( I — Se cos c 0 — a): 
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integrating, and supposing fsO» when the Moon’s mean lon- 
gitude =0, 

1 Qe 

/ = T—r (J9 sin c0^ a) 

ha c 

= 7^ {6 — 2e sin cd — a). 

Aa 

Also by (18), (observing that nt is there the Sun’s mean 
anomaly) as the Sun’s mean motion since t was = 0, Is ii i, and 
therefore his mean longitude = nt — ft (i being his mean 
longitude, when ^==0,) and his mean anomaly, consequently, 
= — /3 — wc have his true anomaly 

= — jS — ^ 4- 2e\ sin ^ ; 

ff ^ Sun’s true longitude 

szfii ^ sin ^ 

Now — /3 = (0 — 2c sin ^0 — a) — /3 : 

or, since the coefficient of 0 must be m, 
jit ^ (i m0 — /3, 

(neglecting — 2 me • sin c0 — a, which js oT the second order;) 
/. sin =s sin m0 — ^ 

0 = fn0 — /3 *f 2c^ sin m0 — /3 — 
and 0^0 = ( 1 — m)^ + /3 — 2e'. sin m0 — ^ ^ : 

2.^ — 0’ =r (2 — 2wi) 0 -h 2/3 — 4 e\ sin m0 — /3 — 

40* We have now to find to the first order 
sin {(2 — 2m) 0 + 2/3 — p\, and cos {(2 — 2m) 0 + 2^ — p|, 
p being of the first order* 
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Now ain {(8 — im)9 + 8/3 — p) 

i 

= sin (2 — ain) 0f+ 2/3 .cosp — cos (2 — 2iw) d + 2)3 . sinp. 

But cos p differs from 1 only by a quantity of the second order, 
and ‘ sin p differs from p only by a quantity of the third order; 

^ /. sin {(2 - 2 i») 0+2)3— p} 

= sin (2 — 2iw) d + 2/3 — p . cos (2 — 2in) 0 + 2/3 : 

which, putting for p its value 4e. sin wi® — )3 — gives 

sin 2 . 0 — O' = sin (2 — 2in) 0 + 2 )3 

— 4e\ sin m0 — )3 — ^ . cos (2 — 2wi) fl + 2/3 

=s sin (2 — 2m) 0 + 2/3 — 2c' sin (2 — m) 0 -I- )3 — ^ 

+ 2c'. sin (2 — 3m) 0 + 3/3 + 

Similarly, 

cos ^0 —iT = cos (2 — 2m) 0 + 2/3 — 2c'. cos (2 — m) 0 +/3 — ^ 
+ 2c'.cos (2 — 3m) 0 + 3/8 + ^. 

P 

50. Prop. 16. To find the value of rr-s to the third order. 

o 

The firat part is ^ (1 — -s*), 

A* ' i ' 


3 A® . 3 A* 


or a (I — — I — 2^0 — 27). 


The second part is — , 

^ 2AV’ 


/ 

ma 


O' ~ ^ . 0 + cos fl' - (1 + a cos c - a)-' 
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ma 


/3 




(l+3c' cmmd — /)— cos — a) 


= as in (41.), — . (1 +3e' cos — /3 — ^ — 3c eos^O — a). 

Since the coefficient of 0 in the first arc is small, apd ^n the 
second, is nearly = 1, all the terms must be preserved. 

The third part is 


j3 mV* 


2 * 4*a 


,-5- . cos Q .0 — ff. 


3 

or — - m^a • (1 + Sc' cos md ^ fi ^ Se cos c0 — a) 
X {cos (2-am)fi+2/3 - 2e’ cos (2 - j»)0 + /3-^ 


+ 2e'.cos (2 - 3»t)0 + 3j3+^{. 


Multiplying together these series, and setting down all the 
terms of the third order, we have 


3 , . 
— ma< 
2 ' 


3c 


cos (2 — 2i») 0 + 2 /3 + —cos (2— m) ^ +/3 - ^ 

diS 


Sc 


+ — cos(2 — 3w)^+3/3 + ^ 


3e 


u/ — 

— — cos(E— 2m + *;)0 + 2/3— a 
2 


3c 


— -- cos (2 — 2f»— c)fi + 2/8+a 
2 


— 2e cos (2— Bi) 0+/3-- 


+ 2e co8(2-3TO)fi + 3j3 + {^. 
Of this the only part which must be preserved, is 
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3^ 


— {cos + (2— fim— c)d+2/3+a}. 

2 ( 2 


. , p 

The remaining terms of are of the fourth order ; hence. 


^ . 


our value of is 


. 3k^ 


, OK , Oh, rr — \ 

. a (l 1- — cos 2g0 — 27) 

4 4 


— {1 + 3 c' cos m0— /3— 3c cos t d-a+3 cos (2— 2m)0+2/J 

2 


9e 


— — cos (2 — 2i» — c) d + 2/3 + aj. 
2 


T r T 

61. Peop. 17. To find the values of 

(S-t!) 14 h-7r 

r 

The only term of rra to be taken here, is 
A tt 


3 wV 

a’AV 


. sin 2 


(the others being of the fourth order), or, as in (60), 

— - »* ( 1 + 3 e' cos « 0— /3 — ^ — 4 e cos cO— a) X 
2 


{ sin (2 - 2i») « + 2/3 - a/, sia (2 - ») + /3 - 


+ 2c'. sin'(2— Sai) + which 
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*Se 


sin (2 — Ski) +2^H sin (2 — m) J +j8— ^ 

\ • 

3e 


^ sin (2 — :5m) 0+3/3 + f 


= -- mV 
2 ^ 


- 2c sill (2-2m + c)0+^/3-a. 


— 2c sill (2 — 2m — r)<^ + 2/3 +a 

— 2c sin (2 — m) ®+/3 — ^ 


, 4- 2c%in (2 — 3m) 0 + + 

Since , and j ^ are not multiplied by any circular 

functions, iivhose coefficient is not small, we shall, at this stage, 
reject the terms of the third order, in which the multiplier of Q 

T 

differs much from 1. Thus, 

h u 

• 

= — - {sin (2 — 2m)0 4-2/3 — 2c sin (2 — 2m — 

52. Nowy since ii = a(l 4'Ccos c0 — a), 

» 

du 


= —cac sill c0—a=a —ae sin c0 — a, very nearly ; ^ 


T du 3 , 

. -Tfl = 2”* {cos (2 — 2m— c)0 + 2/84-a 


* • AV ' d9^ 4 


— cos (2 — 2m+c)^ + 2/3— a} 
The only term to be preserved, is 

3 


^ am^e .cos (2 — 2m — r) 0 + 2/3+a. 
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53. Al,oyJ^ = |«,*.{^-^co8(2-2m)0 + 2^ 


“ (2 ^ — c) 0 + 2/3 + a> , 

2 — 2m — c j 

which, staking Vo the second order only the term that will not be 
increased by integration, and taking the other only to the third 
order, is 


^m* cos (2 — 2iii) 0+ 2/3 — 2e . cos (2 — 2m— c)0+2/3 + a}. 

And + M, to the first order, i^ n ; 

du 

® “)./o ^ ~ (2-2 to) 0+2/3 

— 2<! cos (2— 2fB — c)0 + /3 + a}. 

54. Prop. 18. To form the diiTerential equation for u. 

^M,r*oiw jing the terms, and substituting them in the equation 
of (41), we have 



= 5m* a cos (2 — 2m) 0+2/3 

— 2e cos (2 - 2m — c) 0+2/3 + a} (Prop. 17.) 


AV 


3A* 3A* 


«(,_:^ + ^cos 2 g 0 - 27 ) + ~ 



LUNAR THEORY. 


43 


+ — (3e^ cos »td— jS — ^—Sc cos c0--o) 

^ 4 ^ _ Qg ^ 

+ {3 COS ( 2 -- 2 ffi) d+ 2 / 3 — ; 7 C 08 ( 4 — 2 m — cj 0 + 20 + a } 

% M 

(Prop. 16.) 

T du 

AV ‘ Jt# 

= + - w®ae . cos (2 — 2m — f) 0 + 2/3+a. (Prop. 17.) 

4 

Taking the sum, by (41), 



^ni^ae Sk^a ^ 

. cos c 0 -^a cos 2go — 27 


I ^ _■ 

+ 3 m®a . cos (2— 2m) 0 -I- 2 / 3 — at aos(2— 2m— J 2jJi4a 

3 

+ ^ c'. cos m0 — /3 — 

2 

55. Prop. 19 * To integrate accurately to the second order 
the differential equation for u. 

3 m^ 

Assume m = a { 1 — T + c0 — o 

‘42 

+A cos 2g0 — 27 + iJ cos (2 — 2m) 0 +^(i 
+ C cos (2 — 2m — c) 0 + 2 / 3 -|-a-hX) cos m0— / 3 — 
according to the direction in (6). 

Substituting this value in the differential equation, and 
making = 0 the coefficient of each cosine. 
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- _ ^niae 

a€(l— c*) — = 0; 


„ 3fn Sm^ 

c I , c=l — , nearly. 

2 4 

c j 2\ 

aA (I— 4 g ) — = 0 ; 

3A* A:® 

A = — ; 5 - = — — , nearly, since g nearly = 1. 

4(1— 4ff®) 4" * 


aJB (1 — 2 — 2#ii| > + 3m®i2=0; 


B = 


3 nr 


^ = m’f nearly. 

2— 2wr- 1 

15 


aC (1 — 2 — 2iii— f •)— ^m®fle = 0; 


C = ii. 


15 me 


2 * 1-2-<-2ot-c 1* 2 'l-l-2m] 

(since c nearly = 0 = ~ nearly. 


nearly. 


aD (l — »!*) H — m^ae =0; 
2 


3 otV 


D = -. - = - - wV, nearly. 

2 1 - ot ' 2 


3 A* 


And u therefore = a { 1 — he cos ctf — a 

4 2 


— COB £g0 — 2y + wi* cos (2— 2m) 0 + 2/3 

+ —me cos (2 — 2m— c) 0+2/3+a— - mV. cos mO— /3— ^}. 
o 2 

56. 1’kop. 20. To form the differential equation for 5. 
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a, aa we hav e observed, ‘will be approximately represented 
by Asingd — •y, where g differs little from 1; tl]e 'difference, 
which is caused entirely by the disturbing force, being of the 
second order. Hence, * 


d-a 


or /c(l — g') sing 0 — 7 


will be small^ of the third order : consequently, the term 


^<fs 

W' 



in equation (/) of Art. 41, will be of the fifth order, and is not 
to be considered. 

S^Ps 


Art- 


(14-r cos/n0— n* 

— :^.A-8in 

(1 +<? cos c*0 — a)* 


gd-y.(^ 


S S 
+ - cos 



Now k or m^k, form a product of flic third ordei^ 

in the quantities which multiply them, all small terms arc to 
be rejected; 


• S'" - 7 ^ costa — 2 w) e + 2/3) 

( 3 3 

“ smg0 — 7+ 2 sin (2— 2m+g) 0 + 2/5 — 7 
— ^sin(2 — 2m-g)0 + 2/8+7j . 


The only terms to be preserved are 



3 

- sin (2 — 2 ot 


— g)0+2/3 + 7 


) 


^ = Ag . cos g0— 7 = A . cos gff — 7 nearly, 
d u 
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which is of the first order ; taking therefore the first term only 

' T 

of the expression for , that is, (51) 

3 

m*. sin ( 2 — 2 m) 0 + 2/3, 

2 

we have 

^ \ cosg0 — 7 .sin (2 — 2m) 0 + 2/3 

h u dv 2 

3 

{sin( 2 — 2m+g)0+2/3— 7 +sin( 2 — 2 m— g) 0 + 2 / 3 + 7 }. 

The only term to be preserved is 

— ^m*A; . sin ( 2 — 2 m^g )0 + 2/3 + 7 . 

Collecting these parts, the equation of (41) becomes 

O^^~^T+“m^A. 8 ing 0 — 7 - ^m^/; sin (2 — 2 m— g) 0 + 2 / 3 + 7 . 
do 2 2 

57 * Prop. 21. To integrate the differential equation for s. 

Assume 5 = /: (sing0 — 7 + A sin (2 — 2 m — g) 0 + 2/3 + 7 ), 

and substitute in the equation above: then, making =s 0 the 
coefficient of each sine, 

*(l-g®)+|»n*^= 0 ; g*= 1 + 

3 ‘ 

kA (1 — 2 — 2 m — g]^)— “m*A=: 0 ; 

^ ^ m” 

2 ‘ l~( 2 - 2 m-g)'^ 
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m 


2 l-(l-2my 


3* w* , 3 fit 

nearly =: - • - — nearly = — ; 


sszk gd^yjr -^.sin (2 — 2m — g)0+^ j3 + 7^, 
to the second order. 

58. Prop. 23. To find / in terms of 6 to the second 
order. 


We must e^epand or ^ ^ to llie se- 

de . / r T 

cond order, preserving those terms of the third order in which 
the coefficient of 0 is small. Putting then for u the value 

P T 

found in Prop. 19, and for the first term of its value 
in Prop. 17, 


3e' 3e 




+ 1- cos 2c0 — 2a + — cos 2g9- 2y 


15 

— 2m* cos(2— 2m) ^ + 2/3 mccos('2 — 2m — c)0+2/3+a 

4 

+ 3m*c^ cosmd— /3 — ^ — -m* cos (2 — 2m) 0 + 2 (^ . 


Integrating this, and taking the coefficients to the second order 
only. 
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— * * »i® sin (2 — Sin) 0+2/3 

( 8 

j5 ■■ ^ 

— '^TOe.sin(2 — 2m — f)0 + 2/3+o+3me' sinmd— /3— O 

T , 

Sk- ■ , 3?='" 

1 +— +»■+ — 

3c* 

s=0 — 2esin — a -h — sin2c0 — 2a 


*2 


11 


+ ' sin 2g0 — 2 ^ — — m\ sin (2 “ 2 m) 0 + 2/3 

4 8 


15 


— ~ messin(2 — 2m — c)0 + 2/3 + o-l-3we. sin 
4 


59. Prop. 24. To find 0 in terms of t to the second 
order. 

I ' . , 

■i^ WiiiN y mu st be done by Lagrange’s theorem. Applying it, 
we find 

. 

d=pt + - e . sin cpt — oH sin 9,cpt^9. a 

4 


» . 11 . 

sin 2gpf — 27+ — m*. sin (2 — 2m)pf + 2/3 

4 8 


+ — me . sin (2 — 2m — c)pf + 2/3 + o— 3mc'.sinmpf— /3— 

60. Prop. 25. To find an expression for the Moon’s 
phrallax. 

The Moon’s parallax varies inversely as her distance, that 

. . I 

IS, It oc 

r 
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/ k* k* — V 

or w ^ J ~ "4 "" ® " 

Taking for u the expression found in Prop. 19 i purallax 
^ • 

— A* cos c0 — a +/«* cos {2 — 2r/i)^0 + 2/3 

15 X 

+ ~ me . cos (2 — 2 w — r) 0 + 2 /i 4" a ) • 
o ^ 

or, if P be the mean parallax, that is, that part of the ex- 
pression independent of cosines, tlic parallax 

= P ^ 1 + e cos cO a + tn *. cos (2 — 2 wi) 0 + 8 /3 

15 , ^ X 

4 //zc . cos ^2 — 8i» — r) 0 -H2p+a I . 

8 ' 

61 • Prop. 86. To explain the eflfccP of the different terms 
in these expressions. ^ 

The first and greatest inequality of parallax is 


r cos c 



This, though similar to the inequality which would exist in an 
elliptic orbit, is uot exactly the same, but it would be the same 

if it depended oh the angle 0— - instead of c (0 — • Let 

then EAt fig. 4, be the Moon’s least distance: EM any other 

a 

distance: i^A£Af=0— let J m J3 be an. ellipse, whose 

• ^ 

latus rectum is and eccentricity e : take ABm^ ex ^AEM 
a 

(e beini; < 1) : then, £Af will = Em. For 

O 
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=a (I +e cos AEm) =fl (1 +e cos c0 — a) = *777^^ 

±jm ^ 

If now an ellipse aMh he described similar and equal to AmBj 
whose major axis ab is inclined to Ali^ at an angle equal to 

mEM, or (1^^— c) , M will evidently be found in its 

circumference, and the arc a M will be = Am. Hence, the 
motion of M may be represented by supposing it to move in an 
ellipse, and supposing that ellipse to revolve in the same di- 
rection with an angular velocity, which is to the whole angular 
velocity of iM as 1 — c : 1. Th perigee of the Moon’s orbit 
therefore is not fixed, but (while we neglect the other terms of 
the parallax) moves almost uniformly in the direction of the 
Moon's motion. (Newton, Prop. 66. Cor. 7.) 

63. For the explanation of the next term, 

HI*, cos (2 — 2m) 0 + 2 

we observe that (1 — m) 0+/3 (Prop. 15.) is nearly the differ- 
gfpe of longitude of the Sun and Moon, and consequently, 

cos (2 — 2 m) 6 + 2 /3 

is greatest, when the Moon is in syzygies, and least (or has 
its greatest negatb^e value), when she is in quadratures; and 
between these situations, it lias all the intermediate values. 
The Moon’s parallax therefore, setting aside the elliptic in- 
equality, is greatest in syzygies, and least in quadratures, and 
therefore her distance is least in syzygies, and greatest in quad- 
ratures. (Newton, Prop. 66. Cor. 5.) 

63. The next term, 

15 

— me cos (2 - 2m — i:) 0 + 2 + «» 

o 

shews its influence by the alteration of the eccentricity of the 
Moon's orbit. To prove this, let ns suppose that when 
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iVie Moon, and the axis of the Moon*s orbit, were in syzvgies : 
then, (considering only the elliptic inequality, and 4he present 
one) parallax 


( j ^ 

1 + c cos c 0 4“ 



and, since r and 2 — C2»i — r each nearly =1, the \>ooirs pa- 
rallax, for one revolution, will be nearly represented by the 
expression 


r* f l+rri me, cos 

V* 8 


«). 


which is the same as in an orbit, whose eccentricity 


="(' + 7 ” 0 - 

Again, suppose that when d=0, the Moon is at her apse, and 
the Sun's longitude —90^ or /3 = 9^/’* then, when the Moon's 
longitude =0, her parallax 

= P ^1 + c cos C0-1- ^ me cos (2 — 2 m — c) 0 +18(?J 


which, for a single revolution, is nearly represented by 

« 

P ^1 +e COS0+ — me cos 0+ 180°^ , 


or 



13 

-- me. cos 
8 



and here the apparent eccentricity is e ^ mj . The 

eccentricity therefore is increased by this term, when the axis 
of the Moon’s orbit is in syzygies, and diminished when it is 
in quadratures: its effect in intermediate situations, we shall 
consider presently. (Newton, Prop. 66. Cor. 9*) 
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64 . Corresponding to these inequalities of parallax, there 
are, in tliq expression for the Moon’s longitude, the terms 

• Ye .8m cpt^a + - — sinSrpt— 2a, 


II . 

“ nr sin (2 — 2 m)pt + ^(i, 

o 


15 


and — wie.sin (2 — 2in — c)p^ 4* 2/3 + a (Prop. 24.). 


The first two depend on the ercentricity e and the mean dis-* 
tance from the perigee cpf— u: thtir sum constitutes the 
elliptic itief/uality in longitude. The next' term, w hich is 
called the variation^ is proportional to sin 2 . (p^ — iwp/ - /3), 
or sin 2 (Moon’s mean longitude — Sun’s mean longitude). 
It is therefore^O when the Moon is in conjunction ; it is greatest, 
W'lien the difference of longitudes =45^; it is again = 0, when 
the diflerence = 90 ”, or the Moon is at quadrature: it has its 
greatest negative value when that difference 135® ; and is 
a^in =0, wbe:i the ^ difference of longitudes =180®, or the 
Moon IS ill opposition. The Moon's true place therefore 
is before the mean place from syzygy to quadrature, and behind 
it, from quadrature to syzygy. {Newton^ Lib. 111. Prop. 29.) 
The last term, depending on sin (2 — 2 /w — c) p^+2 /3 + a, is 
called the evection : it appears to increase the elliptic inequality, 
when the axis, of the Moon’s orbit is in syzygies, and to diminish 
it/ when that axis is in quadratures : the reasoning of the last 
article applies to it ih every respect. 

There are, besides (Prop. 24.) these terms, 



• — — sin — 2g, arid — Stne tiampt — /3 — 

The former of these depends upon the Moon’s distance from 
the mean place of her node^ and is nearly the difference be- 
tween her longitude, measured on her -orbit, and her longitude. 
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* 

nueasured on the ecliptic: it is called the reduction. The 
latter depends on the Sun’s mean anomaly: it appears, that 
while the Sun (apparently) goes from perigee to*apogee, the 
Moon’s true place is behind her mean place : while the Sun 
goes from apogee to perigee^ the Moon*s true place is before 
her mean place. (Newton, Prop. 66. Cor. 6.) ^his is called 
the annual equation. The alteration in the parallax, /rotn this 
cause, is very small, being of the third order. 

65 . In respect of magnitude, the evection is far the most 
important of the inequalities, which are produced by the dis- 
turbing force of the Sun. And its effect on the position and 
eccentricity of the Moon's orbit is so remarkable, that we shall 
here consider it a little more generally than in Art. 

66 . Prop. Q 7 * To determine the change in the position 
of the axis, and in the eccentricity of the Moon’s orbit, pro- 
duced by the evection. 

The elliptic inequality and evection, are together represented 
by 

^cos — a+ m cos (2 — 2 m—c)0+2 /3 + a^ , 


where a = longitude of perigee, if there were no evection, — 

= longitude of Sun, when 0 = 0. During part of one re- 
volution, we may, without great error, suppose the perigee and 
the Sun to be stationary : then, for c0 — a, wc must put 0-^a, 
and for (2 — 2 wi) 0 + 2 jS — cd — a, or twice the distance of 
the Sun and Moon — the Moon’s anomaly, we must put 

2 0 + 2/3-0-0 = 0 -a + 2/8+0. 


And the united inequalities 




cos 6 — a-\- ^ m . cos {0—a)+ 2 (/3+o)) 

O ^ 


= € 



15 

- ■ m.cos 
8 



cos 0 — a 
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15 


, — e. — m . sill 2 . j3 + a .sin d— a. 

‘ 8 

This may be* put under the form E cos (9 — a + 5), if 
cos j = e + ~ m cosfi . j8 + o^ , 


1.5 


E sin S=e — m . sin 2 5 + a. 
8 


From these equations^ 


S or tan £ = — m . sin 2 . /3 + a, nearly, 

8 

JS = e fw cos 2 ,)8+a^ . 

And the united inequalities are represented by 


m cos 2 . j[J +a^ cos ^0 — o— — wi sin 2./3+a) . 

This is the same as the expression for the elliptic inequality in 
an orbit whose eccentricity 

= e 4- ^ m cos 2 . )8 + , 

and in whicli the longitude of the perigee 


15 


=sa— ~ w* • sin 2 • fi + a. 

Hence, to find the Moon's place, when we have found the 
longitude of the perigee, on the supposition of its uniform pro- 
gression, we must subtract from that longitude 


15 


m . sin 2 (long, perigee— long. Sun), 
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and apply the equation du^ to an* elliptic orbit, whose ec- 
centricity 

15 

= 1 4* “ wi • cos 2 (long, perigee — long. Sun), 
o ^ 

{NewtoHj Lib. III. Scholium to the Lunar Theory.) 

67 * Prop. 28. To explain the effect of the terms in the 
expression for s. 

0 — . If this depended 

on d — - , it would shew that the Moon moved in a plane. 

g 

But, as it depends on gO'-y, the Moon’s motion in latitude 
may be represented by supposing her to move in a plane, the 
tangent of whose inclination to the ecliptic is ky and, supposing 
this plane to move with a retrograde motion, which is to the 
whole motion of the Moon as g — 1 : 1, and which therefore 
is nearly uniform. This is exactly analogous to the motion of 
the perigee in (61), with the single difference, that c being 
andg>l, the motion in one case is direct, and in the other, 
retrograde. 

68. The second term , • 

k . . sin (2 — 2 wi — g) 0 + 2 /S+'y, . 

o 

has precisely the same relation to the first, which the evection 
has to the elliptic inequality ; and the alteration which it pro- 
duces in the place of the node and the inclination of the orbit, 
may be found in the same manner. Thus, y is the longitu4e 
of the node, if the second term did not exist, and — )3 the 
longitude of the Sun, when 9^0, Now, during the descrip*- 
tioD of a portion only of the orbit, we may, without material 
error, suppose in our expressions, that the Sun and node are 
stationary: then, for g0-7, the Moon^s distance from the 


The first of these is k . 


( 
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node, we inustput ^—7; for (S — double the 
excess of r the Moan’s longitude above the Sun’s, we must put 
20 + 2)8, and for (2 — 2/n— g) 0 + 2)3 + 7, we must put 


20 + 2/3 — 0 + 7, or'0 — 7 +2./8+7. 

Hence, s = k ^sin 0 — 7+ ~ sin 0 — 7 + 2 08 + 7)^ 


( 3in . — — 3m . — \ 

1 + - COS2./3+7.SIII0— 7H sin2 /3+7.cos0— 7 1 . 

8 8 «/ 

This may be put uqder the form K in (0-^7 + x), 

if K sin /c = ^ ^ sin 2 /8 + 7, 

8 

5m 


K cos ic = 1 + — cos 2 . /3 + 7 
8 


These equations give 


3 m 


k or tan x= sin 2 ./8 + 7, 

8 

Sm 


A' = I + ^ C0S2./3 + 7, 

o 


ind. « ss 4 + ~ cos +7) . sin ^0—7 — sin 2./3+7^ . 

This is the same expression that we should have had, if the 
longitude of the node were 

Sm . ^ 

‘ 7- sm 2.^+7, 

« 8 

rikI the tangent of the inclination of the orbit 

*•^+7) ■ 


. / 3i» 

*f 1+ COs2. 


8 
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WbcDr therefore the. longitude,of. the node is -found ; on the., sup* 
position of its uniform retrogradation, we must subtn||ct from it 

Sm 

— • sin 2 (long, node — long. Sun) 

8 


and, taking that for the true longitude of the node, we must 
suppose the tangent of inclination • 



cos 


2 (long, node — long. Siin)^ , 


{Newton^ Lib. HI. .Prop. ^3.>aiid 35.) 


69. ' From this expression it is evident that the inclinatiofi 
of the orbit is greatest wlien fi + y =0 or I8O”, that is, when 
the line of nodes is in syzygies ; and least, when +y = 90 or 
270, that is, when the line of nodes is in quadratures. ( Newfott, 
Prop. 66. Cor. 10.) 

70. In the same manner in which wc have approximated to 
the value of u and 0 to the second order, Ve might go on to^tl^e 
third and higher orders. For the third order, it would be ne- 
cessary to examine the terms of the equation to the fourth order, 

P 

and thus the last terms, in the expressions for ^ , See., in 

ArU 35, would be employed. As the, method of conducting 
all these approximations must be the same, we 4 shall ' here 
mention the- several steps. 

(1) From the last approximate value, find t in terms of d. 

(2) Since is, by the elliptic theory, found in terms of/, 
it can be expressed in terms of 0, and 0 —ffj 2 (0 — 0^>, Sir* 
can be expressed, u also, which is known in terms of 9 , can 
be expressed in terma of 0; ' 

(3) Find expressions for sin 2 (0 — 0'), cos 2 (0 — 0'), &c. 
to as< many orders as may be necessary. 

H 
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(4) Substitute these values, aud the last approximate value 
. P 

of Uf in tfie expressions for 7 ^ , &c. 


(5) When these are substituted in the equation, integrate it^ 
as for the second order. 

(6) Proceed in the same way in every respect, for the 
determination of s. 


71 . In carrying the approximation to higher orders, it 
frequently happens, that a term will rise, by -integration, two 
orders. This renders the operations very troublesome, and 
particular methods are sometimcts necessary: but we cannot 
stop to explain them here. 

72 . We shall here mention some of the most interesting 
results of the next approximation* (1) The last terms in the 

P . . 

expressions for , &c* introduce into the equation for u 
multiples of 




.cos (I - 


wbicb, upon integration, rise to the third order; and the cor- 
mapoiM^ inequality in longitude is of the third order. The 
cMparison of this observed inequality, with its computed value, 

gives 118 the means of determining — being known pretty 

enctly, and therefore, or ■ — — being known | , that 

if, the ratio of the Sun’s {Mrallax to the Moon’s. The latter 
of . these is very well known from observation: hence, -the 
former can be found. Its quantity thus determined 
very exnctly with that determined by transits of Venus. 

(S) The value of c, found by the second apfiroaiuMtion, is 
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i — , which gives^ for the 


revolution of the Moon, x £ tt = l". 30\ This is about 

4 

half its true quantity* which is £'• ££\ By continuing the 
approximation, we find tliat c is expressed by # slowly con- 
verging series, of which the first terms are • 


1 




The series for g, on Jt\te contrary* converges fast ; it is 

1 + ;r OT* — ^ 

4 3£ 

Hence* the ratio of the motion, of the perigee to the motion of 
the node for the Moon, is much greater than for one of Jupiter s 
satellites, where m is extremely small. This is alluded to by 
Newton, Lib. III. Prop. £3. 

s 

73 . Upon continuing the approximations* it appears thaV^, 
the coefficient of t in the Moon^s mean longitude, depends 
upon e\ and consequently, an alteration in e produces an al- 
teration in the Moon’s mean motion. Now the eccentricity 
of the Sun’s or Earth*s orbit, is slowly dhninishing froln the 
attraction of the other planets; and this causes an inereaie in 
the Moon’s mean motion. It is remarkable* that the indirect 
effect on the Moon is much greater than the direct effect on 
the Earth. 

74 . The coefficients of inequalities of a high -order can 
never be calculated accurately from theory. The fonns can 
be found, and the coefficients can then be determined from ob- 
servations. Thus, the most important inequality lately dis- 
covered in the motion of the Moon, was detected by Laplace, 

T 

who suggested, that in the expression for Tr~ 3 , there must be 

a u 
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terms of the form sin (3 — Rg — c) O + o + These 

could resuU only from the multiplication of sines or cosines of 

Uiese arcs ; (3 — 3»i) 0 + 3/3, 3i«0 — S/3— 3^, 2g0 — ^7# 

c0 — a. The first would ^haye for coefficient some multiple of 
/ 

whicl> would therefore be of the fourth order: the 

second, some multiple of 'which is of the third order: ^e 
third a multiple of of the second order : and the four th 
multiple of e, of the first order* Hence, the coefficient of 

sin (S — 8 g — c) 0 + 0 + 27 — 3 ^ 

would be of the tenth order. But, m the expression for 



this wduld'be twice integrated, and its coefficient would there- 
fore be divided by (3 — 2g — c)*. Now', by continued ap- 
parximations, it is /ound that c=«0,991M8, gs 1,004022; 
therefore 3 — 2g— >c = 0,000407ii and the divisor is. (0,000407)^* 
By the exceeding smallness of this divisor, the term is so much 
increased as to become sensible. But the calculation of the 
coefficient from theory is quite impracticable : this has been 
found by observation to be 

. In the preceding investigations, we have supposed the 
6iin*s perigee, or the Earth's perihelion, to be stationary. It 
has in reality a slow progressive motion, which will be re- 
IH^nted by putting in all the expressions eff for 0^ — 

whfre c^5pO,90999O779f 
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PRELIMIKARY PROPOaiTIOMS. 

1. Prop* 1. The sections of two similar and con- 
ceotric and similarly situated spheroids, made by the same 
plane^ are similar and concentric ellipses, similarly situated. 

Let BK, CG, fig. 1, be the sections, which will be ellipses 
(Hustler's Conic Seetiom, p.62«).' Join W, the centre of the 
spheroid, with N, the centre of the ellipse BK, and let 
ABE, CD be sections by any plane through NW : these will 
evidently be similar ellipses, whose common centre is W» And 
since BK is bisected in N, BN is an ordinate to the semi- 
diameter AW, and is therefore parallel to the tangent at A, and 
therefore to that at H (as the ellipses are similar) ; hence, CN 
is an ordinate to WH, in the smaller ellip^. Let WD and 
WE be the semi-conjugate diameters : then, 

and, as the ellipses DCH, ECA, are similar, 

Wjy __ WE? ^ N0 __ WH^- ITN® 

WH* ~ ITA*’ ’ * NB* Wjf - WN* ’ 

a constant value for the same sections ; hence, the ' sections are 
similar, and similarly situated, with respect to N ; but N is the 
centre of BFK ; therefore it is also the centre of CG. 
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3. Prop. 2. Let A^B, CSK, (fig. 2.) be two ellipses, 
concentric, similar, and similarljr situated; through C, the 
extremity of the axis of the smaller ellipse, draw ECO perpen> 
dicular to that axis, meeting the larger ellipse in JS and O; 
draw £F parsJlel ltd the hame axis.; then, if the aagtes GEF, 
FEH, KCDf- DCLf be all equal, EG-^GH will be equal to 
CK^^Cfj. 

3. For draw the diameter QTNV bisecting EG ia R; and 
draw OP parallel to EG. 

Since EG is bisected by OP, EG is an ordinate to that 
diameter; so also is OP, which is parallel to EG. And 
because the two ellipses are similar, the tangent at Q is. pamllel 
to that at £ ; hence CK being parallel to EG, or parallel to the 
tangent at 0, is also parallel to the tangeitf at S ; it is thereldre 
an ordinate to the diameter SN, and is bisected by it in T. 
Now, because OP h parallel to £6y and EF perpendicular to 
£0, the angle COP is the complement of GEF}- and CEH n 
also the complement of HEF; but GEFssHEF; CEH 
is equal to COP. And the point -0 has the same situarion in 
the semi-ellipse AOfS, which £ has in A££. Hence, OP 
^EH. But as CfesCO, and ER, CT, OF, are parallel, 
if through T the line rTv be drawn parallel to J^0> Rr will 
B Vv, noA Er^Ov^CT. Hence 

£B + OP= £r-£r-l-Oo+ r«=2Cr; 
doubling both sides, 

£G + OP. or £6-f-£H«2C£»C£+CL. 

4. Prop. 3. If the angles made by EG and EH with EF 
be increased tiH the point G Mis on the other side of £, as th 
fig. 3, then 

' £H-£GwC£ + CX. 

Making the same construction, we find 

OF - ££ = On + Fi? - (Rr - £f) = 2CT, 
whence OP - EG, or EH- EC, == 2C£ » C£ + CL. 
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5. ^ Prop. 4. The verti<;al solid* angle of a homogeneous 
pyramid being giTen^ its attraction upon a particle pbioed at the 
vertex, is proportional to its length, ^the force to each particle 

oc )* conceive the pyramid to be divided into 

an indefinitely great number of strata of the sam% thickness, by 
sections perpendicular to its axis: the homologous .sicfes of 
these sections will be as the distance from the vertex ; therefore 
the areas of the sections will be as the square of that distance ; 
and therefore the mass included between two sections will be 
ultimately as the square of that distance. But the attraction on 
a particle at the vertex, is as the mass directly, and the square of 
the distance inversely. Hence, the attraction of every stratum 
is the same ; and, consequently, the whole attraction of the 
pyramid will be proportional to the number of strata, that is, to 
its length. ^ 

In the same manner k appears, that the attraction of a 
frustrum of the same pyramid upon a particle placed at the 
vertex of the pyramid, is as the length of jhe frustrum. 

6. Prop. If the base of a pyramid, whose vertical 
solid angle is small, be given, the attraction on a point in the 

base 

vertex oc — — - . 

length * 


For if 6 be the base, I the length, x the distance of any 

section from the vertex, the area of this section s ; hence, 

the mass included between the section at the distance x, and 

tbiR at the distance x+Sr ultimately = —j ; — ; and its attrac- 

bSx . , . du b bx 

tion ; putting u for the attraction, ^ 

which for the whole pyramid = * • 
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7. If we put k for the density of the matter, .that is, if the 
attraction, of the matter in the volume Jf, on a point at the 

distance produce an accelerating force s ^^9 then the 


attraction of one stratum ultimately = 
or for the whole pyramid = ^ . 


kblx . 

—^5 — , whence « 


kbx ' 


■ 

ON THE ATTRACTION OP AN OBLATE 
SPHEROID. 

8. Prop. 6. To find the attraction of an oblate spheroid 
on a particle placed at its pole* 

Let B, (fig. 4.), be the pole of the spheroid, BD the axis ; 
let the spheroid be divided into wedges, by planes passing through 
BDf two of which are BPD, BQD, making with each other 
the very small angle w ; in these planes draw BP, BQ making 
with BD the angle 0, and Bp, Bq, making with BP, BQ the 
very small angle and suppose the wedge divided into pyramids 
similar to BPq, Let x be the abscissa of P, measured along 
the axis of the spheroid ; y its ordinate ; let BP^r. If through 
q*p a section pqts be drawn perpendicular to the axis<>f the 
pyramid, since qp ultimately s yoi, and qt^rO\ the area 
of this section = IS 26; therefore by (7), the attraction of the 
krymoB , . 

pyramid ■ = kywoB* This is in the direction BPi 

r 

but as the whole attraction of the spheroid will evidently be in 
the 'direction BJi, we must resolve the attraction of the pyramid 
into one parallel to BB, and one perpendicular to BD : the 
former will be eifecUve, but the latter will be counteracted by 
forces in the opposite direction* The eflective part 
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= kywSO X - = kr . ain 0 . COB 0 , (a , B9. 

Let a be the equatoreal radius of the spheroid, b the semi-axis ; 

fl* 

then y* = — (Six - j*). 

Putting for r andy their values r cos 9 and r sin 6, this becomes 


sin* 0 ^ ^ (Q,br cos 0 — r* cos* 0), 

• b 


whence r = 


cos 0 


2 h cos 0 


1 — e* sin* 0 

1 5 — sin*0 


putting e for the eccentricity of the generating ellipse. Hence, 
the attraction of the pyramid ultimately 


= kt» X 


9,b cos 0 . sin 0 . 
1 — c’^ sin* 0 


and if w be the attraction of the wedge^ 


dw . , cos* 0 . sm 0 

— = SAOcs X a : - s -r y . 

d9 1— e sin 0 


Let cos 0 = z ; then 


dw , . z* 

37“"®**"' i-'.‘+A“ 


integrating. 


ikbta f 
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Taking this from 0 = 0, to* 0 


*• 

5 ' 


i>or from r = l, to z=0. 





This is the attraction of a wedge whose angle is a> ; and since 
the attraction of every wedge with an equal angle must be the 
same^ the attraction of the whole spheroid will be found by 
putting Sir in the place of ai ; that is, the attraction 


4ir 


s= 47r 






9 . If the spheroid differs very little from a sphere, we may 
put a = b (1 -he); eis then called the ellipticity of the sphe- 
roid. Then e* = Se, nearly. Hence, the attractio;! of the 
pyramid 


= 2bkw 


cos* 0 sin 0 S 0 
1 — Se sin* 0 


= 2bk(o (cos* 0 . sin 0.30 + 26. cos* 0 sin® 0 . 30), nearly 

= 26 /ca) (cos* 0 +S€ cos*'0— Se cos^ 0) sin 0.30; 

whence, the attraction of the wedge 

/ cos®0 Sc , Sc * \ 

= 2bkw ( cos® 0 H cos^ 0 1 ; 

V 3 S 5 ^ 


and taking this integral from 0sO, to 0 = , the attraction of 

s 

the wedge 


= Uku(- + ~ 
\3 3 
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e? 


Then the attraction of the ivhole apt^roid is found as before^ 
by putting 2tr fpr w, and is^ therefore, » 



10. Prop. 7. To find the attraction of an oSlate spheroid 
on a particle at its equator. 

Let ARM, fig. 6, be the equator of the spheroid ; AZ a, 
perpendicular to it from the attracted point A ; suppose the 
spheroid divided into wedges, by planes passing through AZ\ 
let two of these plan&s, very near each other, be APR, Apr\ 
and drawing the diameter A M, let MAR = MA r = 0 + 5 0. 
Then suppose the lines AP, Ap, to be drawn in the planes 
APR, Apr, making with AR, Ar, equal angles 9, and AQ, 
Ag to be very near them, making with A R, Ar, equal angles 
9‘-^S0. If through q we draw a plane qtsw perpendicular to 
the axis of the small pyramid APq, 

wq ultimately = r cos 0^0, 
and the base of the pyramid 


= wq X qt = cos 


therefore by (7), its attraction in the dircctioi\ AO 

kr^ cos 6S<b .SO • 

= ^ =kr COS0S0.S0. 


Draw PN perpendicular to the plane of the equator: NO per- 
pendicular to AM; let A0 = x, ON = NP=z. If we 
resolve the attraction of the pyramid into two parts, obe in the 
direction AN, and tlie other in NP^ the latter of these will be 
counteracted by the attraction of another pyramid in the same 
wedge, and the former 

= k.r. cos 9 . S<l> • So . cos 9 ^ kr co»^ 0 . S(pS0» 

This is in the direction AN ; if we resolve it into two in the 
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directions JIO, ON, the latter of these will be counteracted by 
the attraction of an equal pyramid in another wedge^ making the 
same angle with AM ; and the former 

• r . cos^ 0 . . S0 X cos <j>^k • r . cos (f) • cos^ 0 • .50. 

Now the equation to the spheroid is 


PN* = - (40* - CO* - 02V*), 

a 


or z* = — ^ (fiax — r* — y*) ; 


putting for x, y, and 2 , their values 


r . cos 0 . cos 0 , r • cos 0 . sin 0 , r sin 6 , 


it becomes 


6 * 

r* sin* 0ss^ ( 2 ur.cos 0 ,cos 0 — r* cos* 0 cos* (j>^r* cos* 0 sin* 0 ); 


/. r = 


cos o • cos 


« 1 — c*. cos* 0 + sin* 0 


Hence, the effective attraction of the pyramid 

r 

£ft 6 * cos* 0 . cos* 0 . 50 . 50 


a 1 — e*. cos* 0 +sin *0 
Let w be the effective attraction of the wedge ; 
dw 2kb^ , . 5 . cos *0 

To integrate tbu, let sin 0 = v ; 


dv> __ aft 6 * 

a 
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1 *^ 5 .. 

IK = COS <p . 0<p 

( t) , 1 ev i\ 

e* e^Vl-e* J \ - e' 

Taking this from 0 = , tod=+-,or from #= — 1, 

2 2 

to 

• -JL 9 / 2 -1 

w = cos <b . 00 . ( T — 7=^^^ • tan \ j 1 

• ^ 

= 4A:6 cos* 0.^0 X ^-3 sin~* e — ^ ^ . 

Hence, if u be the attraction of the spheroid, 

All -1 

-- = 4*6 cos <p (-3 s.n » e ; 

3 

- i. S i . “W 

integrating from 0=— — , to0 = +~, 

t/ = SA&tt sin”' e — ^ ^ . 

11. If the spheroid differ little from* a sphere, putting, as 
before, <2 = 6(1 +€), we find * 

6 * 

e*= 2e, - = 6(1 — e), 
a 

dfs} 1 * 

and — = 2A6 (1 — e) cos® <b . Sfb . « 

rfn 7- T' 1 — 

= 2&6. (1 — e) . cos^0.S0 . (1— v*-|-2e— 4€t;®+26V‘*), nearly, 
and 10 = 246(1-- c).co8® 0.S0s^i? — ^ +2€V— 
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which, from v — to » = + 1' 

• « IV /“S 16 «\ 

= 4A6 (1 - e) cos* ^ • (- + -^) 

®**(l-6)co8*^.S0.(l +|6) 

Skb • , c , / 3 v 

+ - 6 ^ ; 


’ cos 


du Skb 


■ ■ 


Skb » , / 3 X 

= cos <p{^ +-e)i 


therefore integrating from 0 =— to 0 = + - , 


4kb7r 


u = 


(-r) 


13. Prop. 8. If (fig. 6.), be any point on the surface 
of a spheroid, and EC be drawn perpendicular to the plane of 
the equator^ and a spheroid be described concentric, similar, 
and similarly situated to the given spheroid, touching EC at C ; 
then the attraction of the given spheroid on Ey in a direction 
parallel to the radius CW, is equal to the attractibn of the 
smaller spheroid in the same direction on the point C. 

13. Suppose both spheroids divided into wedges by planes 
passing through EC: let EGHB, CKDLy be the sections of 
both, made by one plane; and ERSb, CTdF, the sections 
made by another plane very near the former. Draw EF 
parallel to CD, and let the angles GEF, HEF, KCD, LCD, 
he all equal. Let the angles gEF, hEFy kCD, ICD be also 
equal to each other, and very nearly equal to the former; and 
suppose the wedge divided into pyramids by planes passing 
through these lines perpendicular to the plane AEB. Then 
the angles GEg, HEh, KCk, LCl, are equal. And there- 
fore since the axes of the pyramids GEr,'HEsy KCi, LCv, 
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are equally incjined to EC, the edge? of the wedge, their solid 
angles will be equal. Consequently^ by Prop. 4., their attrac- 
tions in the directions of their axes will be as their lengths. And 
the attraction of each in the direction EF or CD \riU be as its 
length multiplied by the cosine of the angle, which its axis 
makes with EF or CD ; or since this angle is the same for all, 
the attraction of each in the direction EF or CD'Vill be 98 its 
length. Hence the sum of the attractions of EGr and’ £7/8 in 
direction EF : sum of attractions of CKt and CLv in direction 
CD :: EG + EH : CK -H CL. But, by Prop. 1., AEB 
and CKD are similar and concentric ellipses; therefore by 
Prop. 2. 

EG + EH^CK -h CL ; 

or the attractions of GEr and HEs in direction £F= attractions 
of KCt, LCvj in direction CD. If the point G had fallen on 
the other side of E, we should have had, by Prop. 3. 

Eif- EG = CX -h CL, 

and therefore the difference of the attractions of the two pyramids, 
whose vertjpes are at E, = to the sum of the attractions of those 
whose vertices are at C ; but since in this case the resolved part 
of the attraction of EGr is in a direction opposite to EF, we 
may still say, that the attractions of GEr, HEs, in direction EF 
= attractions of KCt, LCv, in direction CD. And the same 
is true for all other corresponding pairs ot'' pyramids. Now 
since the angle GEg^KCk, and HEh^LCl, by taking 
the same number of pairs of pyramids, we shall at the same tin^ 
have taken the whole double wedge AEBO, and the whole 
w'edge CKDL ; and for every corresponding pair of pyramids, 
the attraction in direction CD or £ F is the same ; therefore 
the attraction of £ by the double wedge AEBO in direction EF, 
is the same as the attraction of C by the wedge CKDL, b 
* direction CD. 

Now resolve each of these attractions into two, one perpen- 
dicular to the axis of the spheroit^, another at right angles to this. 
Since EC is parallel to the axis of the spheroid, the perpen- 
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diculars upon the axis fronk JE and C will be parallel ; but JEF 
and CD are > parallel ; therefore the angle made by JSF with 
the perpendicular from E, is equal to the angle made by CD with 
the perpendi/:ular from C. Consequently, the resolved parts of 
the equal attractions in directions perpendicular to the axis of 
the spheroid^ will also be equal. Now the double wedge AEBOy 
and the wedgS’CKDLwe formed by the same planes; and there- 
fore the humber of w^edges into which the two spheroids can be 
cut is the same ; and since the attractions of each corresponding 
pair of wedges, in direction perpendicular to the axis, is the 
same, the attractions of the whole spheroids in that direction 
will be the same ; or the attraction of the larger spheroid on E, 
in direction perpendicular to the is equal to the attraction 
of the smaller spheroid on C, in the same direction. 

14. Prop. 9« To find the attraction on E, in a direction 
perpendicular to the axis of the spheroid. 

By the last proposition, this is equal to the attraction of the 
spheroid CN in the same direction on the point C. And by 
Prop. 7, the attraction of a spheroid, whose polar and equatoreal 
radii are b and a, on h point in its equator 



Consequently, the attraction on E, in the direction perpendicular 
to the axis of the spheroid 

= CfV X w X e — ^ ^ ^ , 

^here e is the eccentricity of the smaller spheroid, which is the^ 
same as that of the larger, as the spheroids are similar. In the 
same spheroid, it will be observed, this is proportional to CW. 

15. Prop. 10» If from any point £, (fig. 70 on the surface 
of a spheroid, a line EX be drawn perpendicular to the axis. 



ATTRACTION OF OBLATE SPHEROID. 


7S 


and a spheroid JSfF be described cdiicentiic, similar, and simi- 
larly situated, to the given spheroid, touching that line at its 
pole X; then the attraction of the given spheroid on the point 
E, in a direction parallel to its axis, is equal to tlu3 attractipn of 
the smaller spheroichon a point at its pole X. 

The demonstration of this is, in all respeett', similar to the 
demonstration of Prop. 8. The spheroids must jbe ^divided 
into wedges, by planes passing through the line EX, and the 
sections of the spheroids made by one plane, will be similar 
and concentric ellipses. 

l6. Prop. 11. To lind the attraction on E, in a direction 
parallel to 'the axis of the spheroid. 

By Prop. 10, this is equal to the attraction of the spheroid 

XY, on a particle at Xm But, by l^rop. 0., the attraction of 

the spheroid XY, on a particle at A" 

= 4wk . WX. sill-’ c) ; 

therefore the attraction of the larger spheroid on E, iu a dircc* 
tion parallel to its axis, is 

4irk . EC . sin-' . 

In the same spheroid this is proportional to* fJC. 

17- Prop. 12. If a point Ji, (fig. 8.) be placed atjhe 

interior surface of a shell, boiindecl by .similar and concentric 

spheroidical surfaces, the attraction of the whole shell will be 0. 

For suppose the small pyramids EG, to be formed by 
the same planes passing through E; let a plane pass through 
the axis of the pyramids, and through the common center of the 
spheroids ; through II the point of. bisection of EM, draw 
WHKL. Since EM is bisected, in H, the tangent at K is 
parallel to EM ; and since the ellipses are similar and concentric, 
the tangent at L is parallel to that nt K; it is therefore parallel 

K 
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to FG ; and FG therefore isr bisected in /f, or FH^ HG, But 
EF=MG. Now the attractions of the pyramid 
FE, and the frustrum MG, upon a point at E, are proportional 
to their lengths EF and MG, by Prop. 4. ; they are, therefore, 
equal ; and they are in opposite directions ; therefore they 
dcstrby eacli other. Now the whole shell may be divided into 
pairs of pyramids, in each of which it may be shewn, that the 
attraction is 0; therefore the attraction of the whole shell = 0. 


18. Prop. 13. To find the attraction of a spheroid on a 
point within it. 


From E the point, draw EC per?^ ‘ndicjiar to the plane of 
the equator. 13y Prop. the attraction of the shell external 
to the spheroid EKM is 0 ; and by Prop. 9., the attraction of 
the spheroid EKM on E, in the direction perpendicular to the 
axis of the splieroid, is 


CW X 




By Prop. 11., the attial^tion in direction parallel to the axis, is 


E(’ X 




19 . The results of all these propositions may be thus stated. 
The attraction of any particle of a spheroid perpendicular to 
the axis equals its distance from the axis x Q, wdiere 

Q = SA-fl. sill-' f - . 

‘^The attraction perpendicular to the plane of the equator equals 
its distance from the plane of the equator x P, where 
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If the spheroid difier little from ^ sphere, 



These expressions may be found by expanding the values jusi 
given : or by making llie attractions at the frole and equator 
coincide with those found in (II) and (9). , * ‘ 

APPLICATION Ol- THESE THEOREMS TO THE PlGlJUi: 

OF THE EARTH. 

• 

20. Ill investigating the figure of the Earth, we shall suppose 
that the Earth was originally a homogeneous fluid mass, every 
{larticle attracting every other particle with an accelerating force, 
proportional to the mass of the attracting particle directly, and 
the square of the distance of the attracted particle inversely. 
This mass we suppose to revolve about an axis in 5C). 

21. Now' if the Earth had no motion of rotation, it would 

evidently assume a spherical figure. ]|^ot’ the mutual attraclioii 
of tlic particles would collect the whole into one mass ; and if 
any one part were then protuberant above the rest, the dirc'ctioii 
of gravity would not be perpendicular to its surface, and it 
would not remain in that form, but would run down, (Vince’s 
Hj/(IrostaticSy Prop. 3.) The form then iiiiisl be such as 
would leave no part protuberant above the rest; that is, if 
xniist be spherical. ^ 

22. Rut, in consequence of the Earth’s rotation, every 
particle has a centrifugal force, or a tciidciiry to rec(Hle from 
the axis of rotation. The eflfect of this, it is plain, w ill be to 
enlarge the lilarth at its equator, and to flatten it at the poles. 
It is our object now to shew, that the figure which the I'^rth 
would assume, i^ accurately that of an oblate spheroid. 

23. To prove this we shall shew that, upon giving a proper 
value to the ellipticity, the whole force which acts upon any 
point at the surface is perpendicular to the surface; and if two 
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canals of any form be made in the ftuid, terminated at any points 
ill the sniTace, and leading to the same point in the interior, the 
pressure on this point is the same from the fluid in both canals. 


24. Let T be the time of revolution: the centrifugal force 
on the particle E, fig. G, 7, and 8, is 


tZL 

w 


EX, 


or yr 


and is in the direction XE, Adding this to the forces men- 
tioned ill (If)), we have, tlie whole force acting upon the point 

E ill direction LA = direction 

= E. EC. The forces therefore upon any point, estimated 
in directions |)erpeiidicular to the axis, and perpendicular to the 
eejuator, are still proportional to the distances from the axis, and 
fioiii the plane of the equator. 


25. Pnop. 14. 7'hat the fluid in a canal from the equator 
to the center, and ' that in a canal from the pole to the center, 
may produce the same pressure on a particle at the center, the 
whole force at the pole must be to that at the equator as the 
radius of the equator to the radius of the pole. 

Let p be the distance of any point in the polar canal from 
the center; p + Sp ihc distance of a point near it. The pres- 
sure which is produced by the fluid included between these, is 
proportional to the quantity of the fluid multiplied by the ac- 
celerating force that acts on it, and is therefore ultimately pro- 
portional to Sp X Pp ; or (supposing the section of the canal 
= I ) it ultimately = Pp • ^p. Let u be the whole pressure ; 
since, upon increasing the distance by the pressure is di- 
minished by Pp.Sp, we have 


flu 

dp 


^-Pp; 


r" Pp" 

tt = C 

2 


But the pressure at the surface = 0, 
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or 


PA* • P 

C- — =0; «=^(A*-/): 


PA® 

iience^ the pressure at the center = — ^ . 'Similarly, the 

pressure at the center, produced by tlic cquatoreal column. • 

. C 2 

47r \ a 


=(«-¥■) I- 


hen the pressures are equal (which, from the nature of fluids 
is necessary for equilibrium), 

i>>= (q- 


.r V.h : (q- 1') » 


4 2 

But PA = force at the pole : ^ r/sstlic whole force 

at the equator; therefore the force at the pole : force at the 
equator :: equatoreal radius : polar radiis. 

26 . Prop. 15. When this proportion holds, ilie whole 
force at any point on the surface is perpendicular to the sur- 
face. 


Let Ey fig. 9, be the point on tlu, surface : take EC to 
represent the force in the direction t’C, and CN to represent 
that in direction EX ; then, EN w'ill represent the inagnifljdc 
and direction of the whole force at E, Now, 


EC : CN :: P. PC : (q- 



:cfy, hy i>24). 


or :: a\ EC : b^.CW, 
bj the demonstration of Prop. 14 ; 

A* 
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Ilcncc, CNs= ~ CM^= subnormal (by Conic Sections) \ ihere- 

fore, EN the normal ; that is, the mtIioIc force is perpcii- 
dicMlar to the surface. It appears also that the whole force is 
represented in magnitude by the normal. 

ft ^ 

27. Puor. 16. When the same proportion holds^ if to any 
point within the spheroid canals of any form be drawn, ter- 
minated any where in the surface ; the pressure on that point, 
found by adding the pressures of successive portions of any of 
the canals^ will be the same for every canal. 

Let Ey fig. 1 1, be the point, E(' a canal; take O and 0 , 
two points very near each other; draw ON, on, perpendicular 
to the plane of the equator, and OAI, Of/i, perpendicular to the 
axis; draw 0/ perpendicular to no, and OK perpendicular to 
f?to: let MO = i, jEO = s; = no=^y + Sf/, 

Eo=ss + Ss» If we suppose the section of the canal = 1, the 
quantity of matter in the length Oo = Ss. And the accelerating 
force ill the direction ON=Px ON^P.y: the resolved part 
of this in the direction^ of the canal 


= P .y . cos Oon ^P .y 


A? 

fs 


= ultimately P 




And the accelerating force in the direction OM 



the resolved part, in the direction of the canal, is found by niul- 


ok S v 

tiplyiiig it by cos Oo/c, that is, by or , or ultimately by 

Uo os 


fir 

rfs 


hence, the whole accelerating force in that direction 
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and the pressure produced by the attion of this force on the 
fluid in Oo 


= Ssx 



4V 

r ds)' 


This, if Me put p for liie pressure, is the decregient of p, f)ro- 

duced by increasing s by ^5 : hence, ^ ^ ultimately 

(is os 


^ ds * T* 


X 


iU 

ds 




T * 7 /A 

Integrating, p = C ^ ^ Q - _ 


Let the values of x and y, at the point E, be f and g; and 
M'here the canal meets the surface, let the values of x and y be 
V and 7V : then, observing that the pressure at the surface is 
= 0, we find the pressure at £ 


~ 2 T’ * 2 2 ■ 1! ’ 


But, by the equation to the generating ellipse, 

w (,a V ^ • rt* ■ 2 


and, by the demonstration of Prop. 14, 

rt* W . 


Hence, the pressure at E 

_Pb^ Pg^ 

"2 2 


-Q-i^ C 


This expression, it may be remarked, is independent of the form 
of the canal, and of the place at which it terminates in the 
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surface, and therefore we should have found the same for the 
pressure produced by the fluid in any other canal, as GE, For 
all canals therefore leading to the same point, the pressure on 
that point is the same. 

28. From Prop. 15, we find, that if a fluid mass have the 
form of an obh tc spheroid, there will be no tendency to disturb 
the particles at the surface; and from Prop. 1 6. it appears that, 
as the pressure on every particle is equal in all directions, none 
of the interior particles will have any tendency to motion. 
Every part therefore will be at rest : and therefore the oblate 
spheroid is the form of equilibrium, if the force at the pole : 
whole force at the equator :: equat<>real axis : polar axis. 

29. Prop. 17. To find the proportion of the axes of the 
spheroid, which is in equilibrium. 

The force at the pole, by Prop. 6, 

= 4 7r. fcft — n/IIZE sin“‘e^ . 

\e € ' 

Ki 

The attraction at the equator, by Prop. 7, 


.kb sin“' e ; 


the centrifugal force there 
4 7r* 


47r- 


« = 


hence, the whole force at the equator 


,, / I . >/ 1 — e’\ b 

-.2ir .kb {^9m e 


These must be in the proportion of a i b, or 1 : 
that is. 
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,j. ,v> -1. 

I k — — -j sin *ej‘.k sin e - — ^ — | 

Qtt 1 . * 

2'*’ VT^ ‘ V 


ViTT 


Let q = '• substituting and reducing, 


-3 Sill c + 7 = 0 . 


The solution of this equation will give when 7 is known. 

30 . As this is a transcendental equation, it can be solved 
only by approximation ; but some properties of its roots may 
be found tims. The left side of the equation is positive, when 
e==0, and when e = 1, which arc the extreme values of e that 
can be admitted ; and it has therefore no roots^ or an even 
number. And by constructing a curve, as fig. 10, in which 
the abscissa is e, and the ordinate is proportionate to the value 
of the first side of the equation^ we find that the curve cannot 
cut tlie axis in more than two points, ifnd therefore there can 
be but two forms of the oblate spheroid, whirh arc figures of 
equilibrium. If, in one of these forms c be small, in the other 
it will be very nearly = I , 

31 . To find these forms on the supposition that the cen- 
trifugal force is small, or 7 small, we will begin with supposing 
e small. In this case it will be most convenient to use «tlie 
formulae of (y) and (II). Then, 



— 2 7rA'7ft (1 +e) :: I+e : I; ^ 

or, neglecting qe, which is the product of tw'o small quantities, 
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„ ,, 4 e * 8 e 3 » 53 

Hence, 1-| 2=14.— 1 or €=-.-9. 

^ n ^ 42 ^ 


32. It is convenient to express the ellipticity in terms of 
the proportion of the centrifugal force at the equator to gra- 
vity. This proportion is 

9. irk bn 9irkbn 3 

^ . nearly = x 9 * 

47r / 3 6\ , 47r 9^ 

iA f 1 -f" ~"y 9irkq — hk 
3 ^ b ^ S 

let this = m. Then €= 

4 


33. To find the other form of equilibrium, we observe that 

e is nearly = 1, and therefore - is small. We must therefore 

a 

expand the terms of the equation in powers of - . For e* put 
1 - or 1 — c*, where c= and it becomes 


3 c* (\+9c^)c 


cos"*’ 0 + 9 = 0. 


l-c* 

Taking only the first power of c, we have 

^ b 9q 

— c.‘-+ 9 = 0 , or-=c= — . 
9 a TT 


34. In the earth it is found that m = ■, or g= : 

289 434 

hence, supposing the ellipticity small, €= or, supposing 

2oO 

the eccentricity nearly = 1, c = . That is, the earth 

would be an oblate spheroid, with axes either in the proportion 
of fiSO : 231, or in the proportidn of 1 ; 681. It is found by 
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measurement, that the ratiob of the* axes is nearly 300 : 30 1 : 
hence, the earth is not homogeneous. 

35. Ill the spheroid of small cilipticity, the proportion of 
gravity at the pole to that at the equator, is same as the 
ratio of the axes, or is the ratio 231 : 230, supposing the earth 
homogeneous. By observation^ it is found to* be aboi^t 188 : 
187. 


36. llesuniing the consideration of the general equation of 
(29), and the construction of (30), it is easily seen that upon 
giving Xo q VL certain value, the curve will touch the line of ab- 
scissa;: and upon increasing q the curve will not meet the line of 
abscissa; at all. In the former case, then, there is but one form 
of equilibrium, and, in the latter, cquilibriuni is not possible. 
To find e , the value of which gives but one form, we may 
observe, that two roots of the equation have become coincident, 
or arc equal : if then we take the differential coeflicient of the 
first side of the equation, it must have one of the equal roots : 
or the same value of e will make it = 0. This gives 


9 2^9 8 !*ir e _ 

« e Ve eV c 

soUing this equation by approximation, e' = ,92f){)5, whence 

// Q 

= ,36769, 77=2.7197. Substituting this value of e in the 
a b 

general equation, = ,22467 1 . And, if be the lime of re- 
volution, since q = , we have 

* ki 


37. In a fluid, whose density is the same as the density of 
the earth, supposed homogeneous. 
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iiTT 

Dividing this by the equation r/= 

K J. 

— = { V 

■> 434 . 7 ' W.5G'.4"/' 


or 


T = 23'‘, 56'. 4 " X V — —7 = 2'’. 23'. 26". 
434 . q 


A spheroid then cannot remain in cqiiilibriiiin, if it revolve in 
a shorter time than (2*'. 25'. its density being the same as 
that of the earth. 


38. The expression for the eiiipticity in (3l), gives us the 
means of comparing the ellipticities of different planets, sup* 
posed homogencoiis. For the eiiipticity 

15 15 TT 

~ H 1 ' 'TT^' 

If then we can in any manner compare the masses of the 
planets, (which can be done immediately with those that have 
satellites,) and, if wc know the ratio of their diameters, the ratio 
of their densities will be known : and, knowing also the ratio 
of their times of revolution, their ellipticities will be inversely 
as their densities X the square of the times of revolution. 


ON THE FIGURE OF THE EARTH, 
SUPPOSING IT HETEROGENEOUS. 

v39* The results wliich we have deduced .relative to the 
figure of the Farth, supposing it homogeneous, do not agree 
with observation; the homogeneity of the Earth is also, a priori, 
very improbable. Wc shall now proceed to shew that, sup- 
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posing the Earth heterogeneous^ a spheroidal form^ of ellipticity 
different from that urhich we have founds will a form of 
equilibrium. As before, we shall suppose that \hc Earth was 
origiiiall}^ a fluid mass: and wc shall consider^he density of 
diflereiit parts to be different^ either from its^riginal consti- 
tution, or from the difference of pressure pioduced by the 
weight of the superincumbent mass. From the diflictiity of 
the investigation, wc are obliged to suppose the ellipticity small, 
and to reject all quantities depending on its square and higher 
powers. 

40. Prop. 18. If the base of a prism be very small, to 
liiid its attraction id the direction of its axis on a point any 
where without it. 


Let BCj (fig. 12.) be the given prism: A the given point; 
draw AD perpendicular to the axis, produced if necessary ; 
take two sections perpendicular to the axis, passing through the 
points E and F, which arc very near each other: join Aliy 
AEy AC. Let AD^a, Z)B = i, i^C = r, the section of the 
prism s.S', its density = DE^Xy DF^x The mass 

included between the two sections thrcTiigh E and F=S,Sx; 


therefore its attrretion on A = 


p . S . Sx 

IaFF 


ultimately ; 


there fore 


the resolved part in the direction of the prism's axis 


_p.S.Sx DE p,s.ni:.Sx 
~ (AEf ^ AE ~ '{AEf 


d u 

hence, if u be the whole attraction, — = ultimate value of 

ax 


Sf/ 

Sx 


p , S . X 
(a*' +x'^)^ 


p . S 

integrating, m = - - „ ■ , 

(a +xT 


+ C. 


Petermining C so as to make « = 0 when x = DB = b, wc find 
the whole attraction 





86 


FIGURE OF THE EARTH^ 


41. Prop. 19* To find the expression upon whose iiite* 
gration depends the attraction of an ellipsoid on a point any 
where without it. 


Let CD, CF, be the three semi-axes of the ellipsoid, 
= a, b, c, respectively : take these directions for the directions 
of X, yj and i : then, the equation to the surface of the el- 
lipsoid is* 




1 . 


Let the co-ordinates of the point 4 be /, g, A. Suppose the 
ellipsoid divided into slices by phisos, as PMQ, pmq, parallel 
to the plane of yz: and suppose these slices divided into prisms 
by planes, as PNQ, ptiq, parallel to the plane of xz. Let 

CMssXj MNssy, fnn=^y + Si/, PN z. 

Then the parallelogram = By the last Proposition 

therefore the attraction of the prism Pq on A, in a direction 
parallel to z, is 

L^t i‘ = nr, y = bs'j then, the attraction ot the prism 

The attraction of the slice therefore will 

taken from G to //. To find the values of y, corresponding 
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to those points, we must make in the equation to the 

surface ; then * 

“5 + = 1 ; ^ = ± - y / and s =» ^ 1 - r*. 

a b a ^ 

The attraction of the slice therefore 

taken from s= - \/ 1 — to 5 = +is/\ —r^. 

Let this^v^r: then the attraction of the ellipsoid v, 
taken from x = — a to x =+fl, or from r = — 1, to r = + 1. 
The attraction therefore of the ellipsoid ^ p .a, bx 

^ {f—a ?1 ‘ + g— -1-7/ V'(/— 

where ct^z\ the first integral being taken from 

5 = — >/ 1 — r" to s =5 + 1 - r‘, 

and the second from r = — 1 to r = +l' 

42. Prop. 20. If a spheroid, fig. 1.1, whose semi-axes arc 
a, b, c, attract a point without it winse co-ordinates arc la, 
w/3, ny, where Z^ + m* + w’*= i. 

And if a spheroid, fig. 14, of the same density, whose semi- 
axes are a, /3, y, attract a point A' within it% whose co- 
ordinates are la, mb, nc\ 


• That A’ is within the spheroid attracting it is easily shewn. For 
since its co-ordinates satisfy the equation 




and 
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And if «*-c* = a*-y, 4 *-c« = /3*-7*; 

Then, the attraction on A parallel to c, is to the attraction 
on A' parSdlid to y, as ab to a/ 3 . 

43 . By h/;/^Iast Proposition, the attraction on A parallel to c 




/(/« 


-f + ny + ct]^)' 

The square of the denominator of the first* fraction 
= Z’a* — 2fla/r+a®r“ 

+ /3* — 2 A /3 wi s + i* s " 


+ M^7* — 2cyMt + c^t^» 

But + m* + w® = 1 : and the equation to the ellipsoid^ or 

i/ r* 

Ti + 7 « ^ 

a b c 


gives us r' + s" + = 1 : 


and it ib therefore in the surface of an ellipsoid^ concentric to the 
ellipsoid ivliidi attracts it, and whose semi-axes are a, h, c. In the 
same manner, A is in the surface of an ellipsoid concentric to the 
given ellipsoid, whose semi-axes are a, /?, 7. Now, since 

a« - = /3* - ft ® = 7 * - cS 

the surfaces of the ellipsoids do not cut each other : and the point A 
being without the given ellipsoid, a must be > a, > ft, 7 > c. The 
ellipsoid therefore whose semi-axes are a, ft, c, is entirely within the 
other, supposing them concentric; and A* therefore is within the 
ellipsoid, whose semi-axes are a, / 3 , 7. 
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eliminating, therefore, and the denominator is 

i*(a*-7*) + 7n*(/3*- 
— 2 (aa/r + ft/Sais + c^y/i 

+ r*(a’-c*)+s*(i*- 

The second denominator differs from this only in tfie sign of 

Qicyti 1 — r* — 




The square of the first denoifiinator, expanded as above, 

— 2 {aalr + fibms -f yen \/ J — r* — s*) 

-h r’ (a^ - 7®) -f s® (/ 3 ® - 7®) + 7*. 

But, by supposition, • 

~ c* = - 7* ; 

hence, this is precisely equal to the square of the denominator 
of the first factor above : or the first fraction here =& the first 
fraction above. Similarly, the second fraction here x= the 
cond fraction above. Hence, the whole expression under the 
sign of integration is the same in both. And the limits of 
integration are the same; therefore the integrals will be the 
same. In the first, the integral is multiplied by pah, and in 

M 
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the second^ by pafi: hence, the aUraction of A parallel to e 
is to that of A' parallel to 7 as a & to a / 3 . 

1 ) 

44 . In ^he same way, the attraction of A parallel to a, is 
to that of i 4 ''*]^i'allel to a, as be to (iy : and the attraction of 
A parallel to is to that of A' parallel to (i, ns a c to ay. 
If the .ellipsoid become a spheroid, by making a = 6, then 
a ^ and the forces parallel to c and 7, are as : a^: those 
parallel to a and a are as nc : 07 : those parallel to 6 and )3 as 
ac to ay» 

45. Prop. £1. To find the attraction of an oblate sphe- 
roid, whose cllipticity is small, on point without it. 

Let r, the semi-axis of revolution of the spheroid, coincide 
with the axis of 2 : let J) g, A, be the co-ordinates of the at- 
tracted point. And, as in the last Proposition, let 
g^ma^ A = 117, where 

and a*-7* = a"-c\ 


Let fl = c(l-f-e), o = 7(l-f-f): 

• I 

then, rejecting e*, &c., the last equation becomes 

27*€ = 2c®e, or €=—56. 

7 

And from the equation 

Z* + I, 

ot^-^ +;;^=1, or ^ J/*+g'' + A*-ae(/® tg*)} = 1, 
we get 7* =/• +g* + A* - 2 e (/* +g*) ; 

" K » - c* 

‘" 7 *‘“/*+g*+A**’ 

7W» + g*+A*-2e 
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and 7_ + 

Also, since a' — 7* = a* - c* = 2 

' «* = 7* + 2c*c=/*+g<+A* + 2e 

./ +g +«. 

•■■ “='^/’+s’+**+‘(/.+g.+V)|- 

46. Now, llie co-ordinates of A' (Prop. 20.) s=/fl, mb, nc: 

/Vi m • • • 1 

= ‘ — , — , — .* The distance of this point, therefore, from 

a a y r ^ 

the axis of (he spheroid 

= v/^?T2?=:v7m7. 

a or a • 

And, as this point is within the spheroid whose semi-axes arc 
a and y, its attraction towards the axis, by (19), 

hence, its attraction in the direction of x 

Similarly, its attraction in the direction of y 


4 w y Q \ a 

“T'’ (‘-iv ; *- 


And, by (19)^ its attraction in the direction of z 


4 TT ✓ . 4 \ c , 
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47. By Prop. 20, therefore, the attraction on A 


in the d^ection of x 


V 




ac 

X 

ay 



(• 




that in the direction of v = — x 

ay 



47r a^c / 



Si 


that in the direction of z 






Now a*c = c^(l+ 2e) ^ a^y, fronj the expressions above, 


= (/*+g*+A*)* + 


(/*+g’ + /**)* ’ 




Also, 


O Q 


(putting /* + g* + A* for 7*). 


And 1 + 


Substituting these, we find, at lengthy the attraction of A in the 
direction of x 
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3'^ w-+s’+*‘)''i ^ sy- +*■+?)' y’ 

that in the direction of y 


47r 

= VP' 


that ill the direction of z 




= i^p » {i+ac 


48. Prop. 22. To find the attraction of an oblate spheroid 
on u point without it ; the spheroid being heterogeneous ; and 
all the surfaces passing through points at which the density is the 
same, being spheroidal^ of variable ellipticity. 

Let JSF, (fig. 15.) be the spheroid; Ji'F' be a spheroidal 
surface^ at every one of whose points the density is the same, 
and a spheroidal surface very near the former, of different 

ellipticity, at all of whose points tlie density is the same, but 
differing from that at the surface Let CF= c, CF^=c-h^ c. 

Since the ellipticity varies when the semi-axis of the spheroid is 
varied, e must be a function of c. Now* the density of all the 
matter included between £'F' and is not uniform ; but 

by diminishing Sc, it may be made to approximate as nearly as 
we please to uniformity. Conceive, now, for the moment, the 
interior matter of the spheroid EF^ to be of the same density 
as that at its surface, or to be equal to p ; let its attraction in 
the direction of x = p .A* Then the attraction of the spheroid 
EF' in the same direction, will be the value which A receives 
when is put for c, and when, instead of e we put the 

value of the ellipticity in the spheroid But if we con- 

sider e as a function of c, this is included in considering the 
variation which it receives in consequence of the variation of c. 
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Hence A will be changed to ul + Sc + 8tc. i and therefore 
the attraclron of the spheroid H'F" 

.4 (A + ~ 5c + &c.). 

The diffek'cnce of the attraction of the two spheroids^ or the 
attraction of the shell included between them, is therefore ulti- 
dA 

mately = — Sc. If, then, u be the attraction of the 

dc 

du 

heterogeneous spheroid, whose p'*lar semi-axis = c, we find 

Su dA 

= ultimate value of = P • i 
cc dc 


p dA 


where in the differentiation e must be considered as a function 
of c ; and in the integration, p and e must both be considered 
as functions of c. 


49 . Now, 


A. 47r( 1 3 , 

A = J — T i c (1 — r t • 

N 

an^ when we differentiate this with respect to c, since J\ g, 
and h, are perfectly independent of c, the only variable terms 
will be e® (1 +a«) and c*e. Let 


d (c*. 1 +2e) 


=0(c); JcP'~^ = 


both integrals being made to vanish when cs=0. Then by the 
expression found in the last article, the attraction in the direction 
of X 
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( 1 ^ . 12** — 3/* — 3p* , , ^ 

Similarly from the values in (47)» we find the attr^Aion in the 
direction of y 

47r ( 1 , •) 

“ T {;/.+,.+*.)••'>'« - 5,/-+*-+w * ‘'>1 ■*• 

And the attraction in the direction of z 


4ir r 1 s 

~ ?(./■* +g‘^ + A‘04 


.0(c) 


CA*-9/»-9g* 

5 (./’*+§•+ A’ 




It will be necessary to remark, that the second term in each 
expression is small, when the cllipticity is small, but the first is 
not small. 


S0« Prop. 23. To find the attraction of a heterogeneous 
shell on a point within it; the points equal density being 
situated in spheroidal surfaces, and the interior and exterior 
surfaces being spheroids, in every part of which the density is 
the same. 

Let g, A be the co-ordinates of the attracted point A'^ 
(fig. 15). Take JE'i^, as in thr last Proposition, and 

suppose the whole spheroid KCF' to have the uniform density p. 
Then by (19)> the attraction of the spheroid E'CF' on ihe 
point A'y directed towards the axis, 

= ^<-^ 7 ^. 0 - 10 ^ 

whence the attraction in the direction of x 
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that in the direction of y 

= T'’*0“5V- 

And by (19), t\ e attraction in the direction of z 
^ 47r , / . 4 \ 

*T^-'‘0+3V* 

Then by exactly the same reasoning as that in Prop. 22, it may 
be shewn, that the attraction of the heterogeneous shell will be 
found by differentiating these ex'.» cssions, (after taking away p) 
with respar^ to c, multiplying then by p, and integrating with 
de 

regard to c. Let Jlp,— ^ integral being made to 

vanish when c = 0. If w'e suppose the semi-polar axis of the 
interior surface to be c, that of the exterior to be c, then 
dfe 

JfP ^ shell, between these limits, (c)— X Hence 

it will easily be seen, the force in the direction of x 

A tjf Q 


that in the direction of y 




that in the direction of z 

= {x(«)“X W}-A- 

I * 

51. Prop. 24. To find the attraction of a heterogeneous 
spheroid of the same kind as that in Prop. 22., upon any point 
within it. 
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het y be the polar semi-axis *c>f that spheroidal surface 
which passes through the given point, and through all other 
points at which the density is the same. And lit c be the 
semi-axis of the exterior surface. Then ihe gij^n point is 
external to all the spheroids whose semi-axes vre less than y, 
and to these, theref^ore, the integration in Pr^p. inuSt be 
applied. Taking these integrals, then, from c = 0 to c=*‘y, we 
find for the forces in the direction of J’, y and r. 


4'jr f 1 

4ir f I ' ^ ^ 

47r f 1 


A*)" 

•>(/• + £•+ A*) “ 
5(/‘+g*+A*)* 


Again, the given point is interior to all the spheroidal surfaces 
whose polar semi-axes are greater thig;i 7 , aud less than c; 
and, therefore, the expressions of Prop. 23. must be taken 
between these limits. These give us for the forces in the 
dircctious of x,ji/ and z. 


47r 2 , 

- — -3 ix (c>- X(7)}/ 


47r 2 
3 '5 


!x(c)“X(7)lg> 


47r 4 - _ 

■^•5 A. 

i|tid if these be added to those above, we shall have the whole 
forces arising from the attraction of the spheroid. 

59. Besides these, if the spheroid revolve round its polar 
axis in the time T, every point will experience a centrifugal 

N 
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force propoiiional to its disllunce from the axis. Resolving this 
in the directions of x and ly, we have for the parts in those 

directions nnd ■ " 7 ^ - . g, which must be subtracted from 

the attractions. ^ Collecting all the terms, the force in the 
direction of r ^ 


4ir f 


1 — 3g® , ^ 

■: . ”^ 0 ^ 7 ) ' 

j)xm-x( 7)! - p)/ = f- 


That in tb* -lirection of y = 

4jrf_ I 12A--3J^-3g’ 

3 !(/• 


: ^(y) _ ^ yl,(y) 

- 3 {X(C>“X(7>} ^g = G. 


That in the direction of z = 


{ I 


<l> ( 7 ) — 


5(/* + g’*+ AV 


+ 2 {x^^'^-XW}} A =H- 

( 

53. Prop. 25. To find the ellipticities of the spheroids of 
equal density, that the force at any point may be perpendicular 
to the surface of the spheroid, passing through that point. 

Let EF, (fig. 16.) be fiie surface of equal density, passing 
through the point P, whose co-ordinates CM, MN, NP, are 
/•8* ^ ; let 7 , and a or 7 ( 1 -fc), be the polar and equatoreal 
radii; FPG the generating ellipse, which passes through P; 
PQ a normal at P; QR perpendicular to MN, Then a force 
perpendicular to the surface at P, may be represented by PQ, 
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and may be resolved into t^iree reiR-esented by FN, NR, RQ. 
Hence, if the M’hole force be in the direction PQ, the part in 
the direction of h will be to that in the direction of g, or II : 


NQ a- 


7 


O, as PN : NR. But "tti = by Conic ^.ittions ;• 

C- iV 'y 


NR 

MN 


r 7 7 


llcnre, 

11 : 

a h 

«4 

= .C — 




7 

/y y; 

7' 






+ 26 


H 


G 

^ • 

— S= 

I + 2c . 



h 


R 


Substituting, in tliis equation, the expressions found in (52), and 
multiplying 2 e into no term but the first, (as all the other terms 
are small when e is small), we find • 


• 0(7) (7) 

(/*+g'‘ + A*)* + 


Sir 


'j{x(c)-x(yn-^=o. 


But 7 * -f + A* differs from 7 * only by a quantity which 
depends upon c; putting therefore 7 " for /***f A®, since afl 

the terms are small ^ 




7* 


3ir 

eW 


0 . 


Or, since this must be true^ whatever be the value of 7 ^ we 
may put for 7 the general letter c, and w'e have 
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54. If we put for 0 (f), (c) and ^ (t) their values 




d(c\\ + Qe) 
dc 


. d(c^) . 

oryc.p.-^, nearly. 


y. ^ de . 

Jcp , and fcPj^^ (49 and 50>, 

and differentiate^ 

d^e Q^pc" de / 2pc 6\ 

dc* Jepc dc ^Jcpc 

This differential equation it is always possible to integrate, at 
least by series^ when p is given m terms of r; and the two 
arbitrary constants will enable us to make the value of e satisfy 
the equation from which it is derived* IJeiice, when p is given 
in terms of c, it is always possible to find the ellipticity of every 
surface of equal density, so as to satisfy the condition of this 
Proposition. 


55. Pkop. QG. When this condition is satisfied, the fluid 
is in equilibrium. 

To shew this, we shall suppose any number of canals ter- 
mhiated in the external suifuce, to be drawn to any point within, 
and we shall find the pressure produced by the fluid in one of 
these canals, on the given point; we shall then shew', from the 
expression, that this is the same for every canal, in whatever 
direction it be drawn. 

Let P, (fig. 17), be any point in one canal, p very near it; 
let RP = s, jR/i = s + Ss ; let the co-ordinates of P be 
those oipy f’^lf, ^ A -f Then if a parallelepiped 

be constiucted of which Pp Or is the diagonal, (since it is 
ultimately a straight line), and whose sides are parallel to 
j\ A, respectively ; the lengths of those sides will be ify 5g, i A.* 
To find how much the pressure of the fluid at P exceeds that 
at p, we must resolve each of the forces acting on its particles 
into two, one in the direction of pP, and the other perpendicular 
to pP ; then we must add together the former, and neglect the 
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latter. The forces are F, G, .11 in life directions of /*, ", and h ; 
hence, the sum of the forces in the direction of pP^ is 


F cos pPq + G cos pPr *f II cos ppty 



^17 


Us 


And tlie inatler^ upon which they ueij is ft.Sx, (liie section ot 
the canal being supposed = I); therefore tlie pressure M'hich 
they produce = ultimately 

p.{F^/+ (iSg + in/i). 

If, then, we can And a quantity V, such that 






-pll, 


V, taken between the proper limits, will be the pressuie. 


56. Now, taking the expressions in» (o 2 ), and integrating 
them by paits, 

EEr..£zfC. 

'(/“+r+A“)i 


I 3 }(/=+ g‘+ r)* 5 ( r+g'^+ /rf 


+ 3 f» {x (c)-X (x^\ • (2 p (./"+ g")} ^ 

4sr ^ ( 1 <l .p 0 ( 7 ) 2 A* - /'* — g* d.p\\f(y) 

.9^7* l(/*+gVA-)*’ dy 5 /,»)<■ dy 


Q,h*-/*- g‘ d . p iyCc) - x^ 7 )! , 
5 ' dy 




Inhere y is the polar radius of the spheroid of equal density, 
passing; through the point whose co-ordinates are f, g, A. The 
equatoreal semi-axis being ^ ( 1 + 6 ), we have 
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7 * (1 + C 2 €) " 7 '' 

'■ whence, /'*+ g^+ A* = 7 *+ 2 e •f^+ g‘» 

Substituting thi,s expression in the first term of each line, which 
is large, and pitting only for ^^ + 5 “ + /^* in the other terms, 
w'hich are^ small, and observing, that then 

-g" = 27* - .r+g\ 

\VL have, for the first line, 

. £<r> + •? + 1; .±w 

3^ t. 7 y 5 y 

3 '// C^) « 12 

“ 7/ V {x(0-x(7)} 

- I lx (<:)- X ( 7 )} (/*+g*) - (/* +g*)} . 


Hill, by J*rop. 25, , 

€. 0 ( 7 ) s y}f{y) 3, , ,,, 3w 

-p j--:;^-3lx(<^>-x(v)l-jr; = o, 

and the first line reduces itself to this expression : 


47 r 

T 

f 


p 



<t>iy) , 2 0 ( 7 )’ . 2 , 


•••• (^>* 


Making the same substitutions in the second line, it becomes 


4 7r ^(\ d.p<f>{y) 2 d.py^{y) 

3 y\y' dy 5y^* dy 


sy </.p{x(c)-“X(7H . TTT^ { _± d.p<ly(y) 
5 ' dy +•' +^.V 7 *' dy 

3 d .p^(y) 3 rf.p{x(<^)~X(7H ■ Sir 

Sy^ ’ dy 5 dy 2 1'* dy> 
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The coefficient of + is . 

. 0 (7) + V. ( 7 ) + ^ { X (c) - X ( 7 ) } + 

4. /-2. ^ £jJ^ 7]1 ’ 

^ \ fly by^ dy ^ ^ i • 

of which the first part is equal to 0 , by the equation of 
Prop. Q 5 , and the second part is identically =0, as will he 

seen upon putting for — ^ — ^ , id 

* ‘ ih fly dy 


their values 


ft.y 

dy 


and n - — 


dy ' dy 

Hence, the second line reduces itself to this. 


/’ll ^V^^7) 2_ •l-p'l'fy) ^7* ^/7>{xW-X(7)n 

S J Yl'y dy by^* dy b dy ) 

The expression^ therefore, for the pressure, or — (yl + /i), is 
a function of 7 only. Let it=4>(7); observing that the 
pressure at the surface is 0, the pressiira any where within will 
be <t> (7) — <I> (c). 

57* Now this expression does not at all depend on the form 
of the canal, nor upon the position of its extremities, provided 
it be terminated in the surface ; and, consequently, the pressure 
it the point li is the same from the flind in the canal Sli^ as 
from that in TRy or any otlier canal from R^ terminated in the 
external surface ; the point R, therefore, being equally pressed 
on all sides, will be at rest. And the same may be proved for 
every other point, therefore every point will be at rest. 

58 . It will be observed, that the expression for the pressure 
at any point, does not depend upon the co-ordinates of that point, 
but upon the polar semi-axis of the surface of equal densiity, 
passing through that point ; and, therefore, the pressure is the 
same, where the density is the same. The equation of equili- 
brium, then, is the same, whether the density be supposed to 
depend on the pressure, or not. 
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59. Prop. 27. To find the whole force on any point at 
the external surface. 


The forces on any point in the directions of x, y, z, being 
JP, G, and li, the whole force will be ^ + G’^ + /i The 
forces on a poii.t at the surface will be found by putting c for 
in the expressions of (52). Thus wc find for a point at the 
surface^ 


47r f 1 


U.r 4 + /*')* 

47r 

1 ' 

0 

Ur +/' 

4 w 

f • 


3 U./ +g +A)9 ^ ^ > 

and hence ^ F‘ + Ji \ (observing that the first term only 
of each expression is lurge,) 


_4,r/ <f>(c) 6h^-3.r+g\,^_^ 3^ /*+g* 

If e be the ellipticity of the external surface, 


r +g’ + A* = c* + 2e.r +g^ 
which gives for the force 

60. Suppose at the equator the centrifugal force = m x 
gravity, m being small ^in the earth it is . The gravhy 
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at the equator, neglecting the small terms^ is : the 

S c 

,4 IT* 4 AT* 

centrifugal force is jtj-. a = c, nearly. Henc*;, 

4 TT* 4 7 0 (c) Stt 

r 3 c* cl c 

Hence, the whole force at the surface 

6 l. The equation of Prop. 25, becomes, at the siyface^ 


C . 0 (c) 

3 0(c) 

r* 

A* > 


3 w m 

or, since 

II 

«i 


II 

1 

1 

V a/ 

c^ 5 ’ 


Substituting from this the value of 0 (c), we find^ for the force 
at any point of the surface, the following simple expression 


47r 0(c) f 

3 ' ’ X 




5 m + 

I— 2 e-m— ^re/- — ^ 


62 . For the force at the pole we must make /' = 0 , g =b, 
and the force, therefore, 

4ir 0 (c) ^ 

= — . (I - 2e- w). 

For the force at the equator we must make g* = a* *= c*, 
nearly, and, therefore, the equatoreal gravity 

4w 0(c) f 5 m \ 


o 
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Tliv excess of the former aUove this 

4 TT 0 (c) 5 m 


5 tn 

and 'die ratio of Lhis excess to the equatoreal gravity is — e. 

5 wi 

Let this = n : then, w + e = — : a very remarkable pro- 
position^ which may be thus stated : Whatever be the law of 

the [Earth’s density^ if the ellipticity of the surface be added to 
the ratio wliich the excess of the polar above the equatoreal 

. . . 5 m 

gravity boars to the equatoreal gravity, their sum will be 

VI being the ratio of the centrifugal force at the equator to the 
equatoreal gravity/* This is called ClairaiU^s Theorem* 

63. Puop. £8. To find an expression for gravity at any 
point of the surface, in terms of the latitude. 

Suppose fig. \^, to represent the Eartl/s surface, PQ 

a normal at P. Then, PQN is the latitude of P, and 

Qy = PQ . cos /. 


Now, as we shall have to substitute only in the small terms of 
the equation, PQ = c nearly, *and QN= CN nearly = 
hence + g“ = c . cos / nearly. Substituting this in the 

expression of (6l), gravity 




ON ASSUMED LAW OP DENSITY. 


107 


Gravity, therefore, may be generally expressed by the formula 
JB (J -f /I. sin*/), where E = equatoreal gravity, and 


64. Prop. Sf). To find the ellipticity of the Earth doo any 
assumed law of density of the strata. * 

DiflTcrentiating the equation 


<p(c) 




we find 


c'*0 (c) .— +3 0(c) — 3e . c’ 0 (r) = 0. . . .(11), 

and difl'orentiating this. 


(Pe 2pc^ <le ^2 pc fix 
jrpe^ dc 


c — 0. t f .(III). 


Now, when p is given in terms of r, we must substitute it in 
this last equation, and by integration find e. The expression 
\Vili contain two arbitrary constants : one of these may, in ge- 
neral, be conveniently determined by substituting in equation 

(II) , and the other by substituting in equation (I). Equation 

(III) may be transformed into one of a simpler form, thgs. 

Let fepc^^pj and let />e = r, or e=-: then, upon sub- 
stituting in (III), we get 


rfc" 


fir 


c dp 
p dc 


= 0 . 


65 . Example. Suppose p^ A. 


— A 


A and q being 


constant. As this gives a density diminishing from the center 
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to the surface, it is probable that it will pretty nearly represent 
that of the Earth. On substituting in (IV), we get 




I 


the coipplete solution of which is 


» = C ^shi 5 c + O' + 


— cos qc + C — 
qc 





C and C being arbitrary constants. Observing that 0(c) = 3/?, 




it 

* dc' 


(the integral being made to vanish when c=-0), and, after 
finding these values, substituting then in equation (11), we fi*^d 
that it reduces itself to 

45 C . sill C' 

= 0 . 


C , therefore, must = 0 ; and, therefore, 

( 3 3 \ 

sin 5fC+ — cos qc — sin qcj . 

Now, making use of this value in equation (I), and observing 
that 



and putting for the value ^ found in (60), the 

equation becomes 


. 3 m /sin 9 c 1 \ 
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siii^c ’ 3 cos fc 3 sill qc 

3 ,, . ~ 7 ?~ 

— - C sill qc . : i ^ 

o sin qc c cos q c 


y^^/q-cosqc siiiyc\ 

+ 5 V~c“ ^’) 


Determining from this equation the value of — , we tiiid the 
ollipticity of any stratum^ whose polar semi-axis is c 


0 -—) 
V taiir/c^ 


V taiir/c^ 

,, qc 7 *c* 

q C a — 

tail 4/ c tan qc 


1 - — — :: 

</ r* qr,iuuqc 


tun qc 


Fo. the ellipticity of the surface we must make c = c : thus we 
obtain 


_?!.). (,_4_ + __“_) 

V taii^c' V yc.taiw/C'' 

q ^ q‘ 

2 — ^ — 

tan rye tau’'^c 


If Z=sl- 


tan q c 


2 o*c' 

'i-z—i— 


66. Suppose y = ^ . Then yc= z = 5,55452-, 

o c o 

• 5 f71 

and e = — x 0,37703. And, since n the increase of gravity 
at the pole = — c, by (62), n = x ,62297. fn the 
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Earth m = : = : therefore on these assumptions, 

289 2 116 

e — n = — These arc very nearly the same as the 

305 184,6 ^ 

observed values 3f e and 


67 .* Pfop. 30. To compare the mean density with the 
density at the surface. If the whole spheroid consisted of 
matter whose density = mean density, its mass would be the 

mass 

same as it actually is. Hence, the mean density = — ; . 

volume 

Now, neglecting the cllipticity, ne mass may be found by con- 
sidering iV as a series of spherical shells of diflTcrent density ; 
and since the surface of one of these, whose radius is r, is 
47r.c% the mass of the shell whose thickness is ^r, is ulti- 
mately Air . pc^ Sc, and putting u for the mass, 

=4ir/oc*, n=^4wjlpc*^4w .p. 


and u the whole ' mtiss = 4 tt/?. And the volume 
= Hence, the mean density = . And, if the 

density at the surface = p', the ratio of the mean density to 
that at the surface = 

c .p 

6S, Example. Suppose the same law of density and the 
same value of q as before. 


Then 


P 



sin qc 
0 ^ 


c \ A sin o c 

-cosjc; :p — 


3p 8 /sin^c c \ 

c‘*p' c’.sin^c \ 3 * ^cosgej 



-lU) 

tanjc' 3*c* 


= 2,4235. 
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69 * Prop. 31. To find the effect produced by the cllip- 
ticity of the Earth on the motion of the Moon. 

L#et the co-ordinates of the Moolis referred to the Earth’s 
center^ be g, h : h being perpendicular to the plane off the 
equator^ and f in the intersection of the plane of the equt^tor 
and ecliptic. Let NP, fig. 18, be the intersection of the plane 
of the ecliptic by the plane passing through g ancl h\ and 
drawing MP perpendicular to NP, let NP=stk, PM:=^li then 
J\ k, /, arc the three co-ordinates of JIf, f and k being in the 
plane of the ecliptic. Let EP = p, tan MEP=^s, PEN ^9, 
PNO = inclination of ecliptic to equator = 0 ;. Then, if PQ, 
PJif be drawn parallel to h and g, 

g = NQ — RP ss k cos to — I sill w : 

h = QP MR = k sill o) -f f cos o). 

But /c = psin0; / = ps; also /*=p cos 0. Thus W'e get for 
the original co-ordinates these values, 

=s p cos 0, 

g = p (sin 9 cos o) — s . Mn w), 

A == p (sill 0 sin • cos w). 

Let P, G, if, be the forces in the directions of /) g, and A ; K 
and L those in the directions of k and I ; and P, S, the forces 
parallel to p, perpendicular to p in the* plane of the ecliptic, 
and perpendicular to the ecliptic. Then 

K = G cos ( 0 + 1£ sin Uf 
L = H cos w — G sin w. 

Also PsbFcos6 + K sin 9 ; 

T= F sin 0 — K cos 0 ; 

S=L. 

Substituting the values of K and L, 
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P = F cos 0 + (G cos (o + II sin w) sin 0, 
T=iF sin 0 — (G cos « + // sin w) cos 0, 
cos (0 — G sin w. 


70. Nom', by Prop. 22 , 


4,7r 

f 0 (C) 

12 A* — 3/*-3g* 

~ 

l(/‘+g’ + A*)» 

5(r+g*+hr 

4^ 

f 0 (C) 

12A*-3/*~3g* 

3 

l(/*+g*+A*)» 

(/‘+g’ + A’)^ 

4 TT 

f 0 (c) 

6A’-9r-9g’ 

T 

Ur+g’+A’)* 

5(/* + g’ + A*)^ 


h. 


Upon substituting these values in the expressions for P, T, and 
Sj the quantity multiplied by (c) in each is rather complicated, 
and it is, therefore, proper to take only those terms which, w'hen 
substituted in the equations in Art. 41. of the Physical Astro- 
nomy, will be much increased by integration. With this re- 
striction, we have 


P = 


4 TT 


0(c) 


,,, 47 r 60(c) . ^ 

J = — . — 4 ■ sni w . cos w . cos a . s. 


- f 

3 ' l 


5p 

0 (c). » .60(c) 


in^l 


Let E be the mass of the Earth. The volume of a spheroid, 

4 ‘TT 

whose semi-axes are c andc(l-l-e), is — c*(l+ 8 e): h ence j 

3 

the volume included between two spheroidal surfaces, is ul- 
timately 
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4ir rf(c®.l+2e), 

3 ■ Jc 

and if the densit^r be p, the increment of the mass is 


4 IT J (c* . 1 + 2 e) . 

T-f' d, 


therefore the mass 


_ 4sr - d(t*.l+2e) 4»r , _ _ 4ir 

3 ~dc 


= ~^(r); £=^0(c). 


Also, by the equation of (61), 

V 2/ ■ c« i ■ ? ■* ' 


whence 
4ir 6 


Hence, we finally obtain 
P* 


£ 


£.m* 


/»*(f+S*)§ ' (1+5*74' 

„ / w\ 2 0* . 

■» * — y* “ . £ . sm w . cos 0 . * 

— ~ ~ “ ^ . 2 c* JE . sin w . cos w . cos 9 , *, 


s* 


£s 


m 2 c* 


(1 +,^ ^ n • “jT £ • s>n « . cos w.sin 0 


£m* 5 m * i Ti • 

/ T i ' s^t +* ~ .ir. £ .sinw.cosw.sinff. 

(1+1*)* 2 
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S — Ps 

71 . T he value of ■ y - j in the equation (/) of Art. 41, 


h^u 

Phy&ical Astronomy, is increased by 


m ^ „ u , • /I 

r e — - . G c* . -5 Ji# . sin o ) . cos w • sin cf. 

E E M E 

Now — = - . 77 , = ~ o : 

/i fi tC fik 

and u = r/, nearly : 

hence, Gif.;- Kszi S, ^ ^ nearly. 

and tlic increase of is nearly 

tCii 


m ^ . E , . ^ 

G.e ,c a — since, cos w . sin u, 

2 fi 

Let the term which 5 receives in consequence be A sin 9. 
Upon substituting this in the equation, since 

(A sin 6) 


c/s- 


+ A sin 9 = 0, 


the only term, it will be found, which receives an increment of 
the same form, is 

3«* 

nearly, the first part of which will be increased by — ^ A sin 0, 

II being lierc the same as m in the treatise on Physical A$- 
tronomy^ Making then all the additional terms = 0 which 
depend on sin 9, we have 

3 w* . m 5 , £ . 

-.cci — sin cu . cos « = 0, 

2 2 /a 
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, -4 m : li . 

or A = — 3 “ . e — — sm o) , cos a> : 

3ir C2 M 


and the term in Sj or in the tangent of the Moon’s latituilp^ . 
- 4 

. c . 


m „ « ii . . ^ 

, . c . c* fl" . — .sill w • cos ta . sill o. 

3 2 


*]liis is expressed in parts of the radius ; the number of seconds 

•n . ^ j t I • , • 1 . 180 x OOx Go , ^ 

will be found by multiplying it by — . And 


cr/= - nearly = Moon's mean horizontal parallax. The term 
is^ therefore, 

• 4 .() 0 )' m , . . E . . 

— T , .0 • Sin paral. — sin w . cos a> sin ft. 

vr . <»r O. * li 


72 . In investigating the alteration produced in it must 
be observed that the term 


^ ^ 11 • n 

— C — — . 2 0 * . • sin (0 . cos w . cos u , s, 

T . 

which is added to 7 ^—^ , upon putting for s its value k singd— 

/• tt 

will contain the terms sin (g— 1 ) 0 -^ 7 , sin (g+ 1 ) S — 'y, of 
which the former will be much increased by integration. And 

( 3 JP * 

' o / ~ contain 3 as x the 

term added to s, or 

■'10 ^ 2 ^ 

j . * sin go — 7 . e , c . sin 

» 2 fJi 

which will also produce terms of tiie same form. To find the 

alteration produced in it is necessary to include many 
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terms depending on cos 0^ &c., and some terms among those 
added to P. 

73. The disturbances in the Moon’s motion produced by 
the Earth’s ellipticity, though sensible, are very small. The 
ellipticity of Jupiter produces considerable disturbances in the 
motions of his satellites, and affects very much the progression 
of their apsides, and the regression of their nodes. 


ON 'Ml E 

METHODS OF ASCERTAINING 

THE FIGURE OF THE EARTH 

BY OBSERVATION. 

7d* The simplest all methods, and the least dependent 
on theory, is that of measuring, by Geodetic operations, the 
distance between two places which are nearly in the same 
meridian, and observing the latitude of each. If two measure- 
ments of this sort be made in places whose difference of lati- 
tude is considerable, the ellipticity of the Earth may be 
ascertained; as we proceed to shew. 

7*5. Prop. 32. The Earth being supposed a spheroid, to 
express the length of a small arc of the meridian at any point, 
in terms of the difference of latitude of its extremities. 

Let APQB, fig. IQy be the meridian passing through the 
extremities P and Q of a small arc of latitude : at P and Q, 
draw normals meeting in JR ; then, R is very nearly the centre ^ 
of curvature of p, which bisects PQ. And, if JD be the dif- 
ference of latitude of P and Q, PQR = U ; 

PQss DxpR. 
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„ _ CK* A(?rBC^ «‘c* 

Now,«=^=_^=_ 

putting a and c for the semi-axes. 

ButpF=~i . 

p L c 

And /> L N = latitude of /> =s / ; LN=pLcoaL; 
/. CN=^ -^-pLcos/; and JVp=pLsiii/. 


Substituting these in the equation = 1, we get 

— Tio cos‘ I + 6* sin® I 

pLr . =1; 




(a® cos® I + c® sin® /)* ' 


and pR = 


a c 


(a® cos® / + c® sin® /)^ * 
hence PQ = D. 


n n 

a*c. 


(a* cos’* / +tf* sin* /)J * 


If the ellipticity be small, let a = c ( 1 + e) ; ^ 

D c* (l+2e) 

PCl= i ay-L. « " • ii>t| = J>ca +ae- Secos*/), 

{c (l+2e)cos*/+c sin /J* 
or = X) . c (1 — c + 3e sin* /), nearly. 


' f6. Suppose then two arcs PQ, P'Q', have been measured: 
suppose the latitudes of the middle to be /, f : the difference of 
the latitudes of P and Q to be D, that of P' and O' to be 
Then 
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PQ 

D 


= c(l— e + 3e sin* /), 


P'Q' 

ly 


= c(l— e + 3c sin* f). 


^ . PQ' PQ „ , . . . s ,, 

Siibtractiiig, - j — -r— = See (sin / —sin /); 
X/ D 


PQ' _ PQ 
_ D' P 
3 c (sin* /' — sin* /) 

/Vs e is s:nallj we may, without sensible error, put for r, 

PQ' 

D' 

_ 

. ^ PQ' M) 

tlCIICC **A* 

3 (sm [ — siu /) 


PQ 
D ' 


77 • Example. Lambton’s measures in India, the arc 
of the meridian from lut. 8°. 9'. 38", 4 to lat. 10®. 59'. 48". 9 = 
1029100,5 feet. 


IVy Svanberg's measures in Sweden, the arc of the meridian 
from lat. 65®. 3 1'. 32". 2 to.lat. 67®. 8'. 49". 8 = 593277,5 feet. 


Here PQ = 1029100,5 ; PQ' = 593277,5 ; D=sl0^I0^5; 
ly = 5836",6 ; / = 9®. 34'. 44" ; /' = 66®. 20'. 1 0". Make 


PQ jy 

PQ' ■ D 


— cos* 0, 


or 2 log cos 6 = 20 + log PQ + log P — log PQf — log J} 
= log PQ+log jy +ar. com. log P Q' +ar. eom. log^ JD 
then, the numerator = sin* 9. And the denominator 
= 3 sin A + / . sin — /. 
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Hence log e = 2 log sin d— log 3— log sin ( + /—log sin t — L 

Bj calculating from the data above, e= ^ 

JODj*-/ 

78. Attempts have also been made to determine the ellip- 
ticity of the Karth by measuring the distance betwegi two 
places on the same parallel^ and determining the difference of 
longitude, either by observations on Jupiter’s satellites, or by 
observing the flash of gunpowder fired on a conspicuous place 
between them. The diflference of longitude may also be de- 
termined by mere observation of angles, (see PhiL Trans. 1790). 

79 * l^HOP. 33. To express the distance of i^o places 
on the same parallel, in terms of their difference of longitude. 

Let p, 5 , fig. 19> be the places; L llieir difference of lon- 
gitude. Then, pq (which, when the arc is small, may he 
measured as a great circle without sensible error,) =LxCW. 


Now CN= j2)Lcos/ = -7^ 


a . cos 


I 




^ cos I , * / . . . « I 

.\pq-L.-T-iy ^ ==L.rcos/(l4‘2c-cco8 /) 

V(a cosw-|-rsin /) 


= X . c cos / (1 +c + € siir /), 
if the ellipticitv be small. 

80. If then one arc has been measured in the trietidian, and 
another on a parallel, and if / be the latitude of the middle of 
the meridional arc, /' that of the parallel, we shall' have these 
equations : 
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Eliminating c, e may be found. This method is not considered 
to be practically accurate. 

81. The method which on account of its great facility is 
now very extensively used, is that of observing the intensity of 
gravity in different latitudes, by means of the pendulum. It is 
usual t,o observe the number of vibrations made in a day by the 
same pendulum, in tiie different places at which it is proposed 
to compare the force of gravity ; and likewise the number of 
vibrations made at London or Paris. The observations are 
commonly made in the manner described in Whewell’s Djf~ 
namiesy p. Note : but in ^ome experiments the clock- 
pendulum itself has been observed. The comparative number 
of vibrations being found, the comparative force of gravity, or 
the comparative length of the seconds’ pendulum, can be found 
(Whewelfs Mechanics, Art. 250: Wood's, Art. 300.): and, as 
the length of the seconds’ pendulum has been very accurately 
determined at London and Paris, its length is known at all the 
places of observation. The French astronomers have used a 
method more direct, but less convenient, and probably less ac- 
curate: it is describe^ at length in the Additions to Biot’s 
Astronomie Physique^ p. 138. 


82. Let p and p^ be the lengths of the seconds’ pendulum 
ill latitudes I and P that at the equator. Since these lengths 
are proportional to the intensities of gravity, we have, by (63), 


p c= P ( 1 + « sill® /)! 
p' = P(l +?isin®/')J 


, 5 m 

where n = — c. 

2 


From these equations. 


It 



^ sin® t — sin® / 
P 



sill 


9 If • 2 i t 

It— sin t 



which may be calculated as the last example: then ess ^ 

2 
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83. Example. At Madras, * 

/ = 1 3®. 4'. 9", p = 39,0234. 

At Melville Island, 

I' = 74*. 47'. 1 2", p = 39,2070. 

3 Tfl 

Hence, w = ,0053214, and — =,(X)8650.5; * 


.•.e = ,003.3291=^. 

a 

84. The ellipticity of the liarth has also been determined 
^from the motion of the Moon. It appears from (71), that in 
the expression for the tangent of the Moon’s latitude, there is 
this term 


4 « Go*' lij 

— e — — . —t: • sin*^ parallax . — . sin obliquity .cos obliquity , sin 0. 


If^.TT 


Now 


E 




Earth's mass 70 
Earth + Moon 71^ 


ncafly : n = 


Q7,25 
303,25 ■ 


mean horizontal parallax = 57^ : obliquity = 23”. 28', nearly : 
hence this term 


ff ■ /I 

= — e - - .4801 .sin 0 . 

It is found by observation that the coefficient = — 8" ; 


hence e — — = - = 00lG3,^. y\iid — = ,001730: 

2 4801 2 

/ hence c = ,003305 = — - . 


The ellipticity, found by comparing the observed inequality in 
longitude with the calculated inequality, differs little from this. 

Q 
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85. The two latter methods^ it will be observed^ depend 
entirely upon the theory which we have laid down ; the first 
and second are quite independent of theory. Their near 
agreement is one of the most convincing proofs that the prin- 
ciple of gravitation^ and the suppositions upon which our theory 
is founded^ are true. 

86. For the calculation of parallax, it is necessary to know 
the distance of any point on the Earth's surface from the Earth’s 
centre, and the angle -dCp, (fig. IQ.) which, is called the cor- 
rected latitude : ALp being the true latitude, which = the 
elevation of the pole. The di terence between the true and 
corrected latitude is called the angle of the center. 

87. Prop. 34. To find the distance of any point on the 
Earth's surface from its center, in terms of the latitude of that 
point. 

C/ = CN*+ iVp® = ^ L ZV’ + IV/ = L/ . (^ cos* I + sill* = 


(putting for Lp^ the value found in Prop. 32.) 


cos’ / + sin* I 

2 •i y I 2 • 'J / 5 

a cos /+c sin / 



If the ellipticity be small, 


Cp=^ c 



( 1 + 4 e) cos' I + sin* I 
( 1 + 2 e) cos* I + sin* / 


= r (1 +c cos*/) nearly = c (1 +e — esin*/)* 


88. Prop. 35. To find the angle of the center. 
Let ACp be the corrected latitude = V. 

Then tan /= tan V - 


tan t 
tan I 


LN 

CN 


c c 

-j , or tan I' s tan i. 
a a* 
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85 . The two latter methods^ it will be observed, depend 
entirely upon the theory which we have laid down: the first 
and second are quite independent of theory. Their near 
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1S3 


Hence, 


tan (/ — /') = 


tan I — tan . t 
I + tan I . tan f 


(l-J,) tan/ 

1 -I- ^ ' . 

14- ^ tan I 
ir 


— c*) sin I cos / 
g'^ cosV + c" sin^/* 


When the cllipticity is small, putting / — Z' for tan (/ — t), 

^ ^ = 2 e . sin I . cos / nearly = e . sin 2 L 

This is in parts of thp radius : the number of seconds is 

180 .( 50.60 
e . sin 2 /. 


TT 



PRECESSION OF THE EQUINOXES, 


AND 

NUTATION OF TllF EARTH’s AXIS. 


ON THE COMPOSITION OF ROTATORY MOTION. 

1. Prop. 1. If a body revolve about an axis AB, (fig. 1.)^ 
willi an angular velocity co, and if a force be impressed upon ii 
^vliich would make it revolve about the axis AC, with an angulw 
velocity a/; then the body will not revolve about either of the 
axes AB, AC, but about an axis AD, in the plane BAC,' 
dividing the angle BAC so, that sin BAD : sin CAD :: w : oi. 

2. It is evident^ that the new axis of rotation is that line 

in the body, which, when the effect of both the original motions 
is considered^ remains at rest, If, then, a line AD in the plane 
i>AC be that axis, the angular motion about AB, would tend to 
raise any point in it, as D, above the plane of the paper, as 
much as the angular motion about AC, would tend tb^ deplass 
it hclotv the plane of the paper. From D, draw DE^ DM$ 
perpendicular to AB, AC. In consequence of the angular 
motion about A B, the point D would be raised above the paper^ 
with the velocity ^ 

w X ED = ce X AD • sin BAD. 

And, in consequence of the angular motion about AC, D vTOUld 
be depressed below the paper, with the velocity 


w X FD = w X AD . sin CAD. 
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Making these equal, 

ft) X AD . sin IiAD=i w X AD • sin CAD ; 

sin DAD : sin CAD :: w : w, 

3. Now, to shew that AD reallv is the axis of rotation, 
take any point P in the body: with centre A^ suppose a sphe- 
rical surface described, passing through P, and cutting ABy AC, 
AD, in If, C, Dy let BDC, BP, CP, be arcs of great circles. 
T^et PQ, drawn perpendicular to PB on the surface of the 
sphere, be the motion of P, produced by the rotation about AB 
only, in the very small time let PR, drawn perpendicular to 
PC, on the surface of the sphere, be the motion of* P, pro- 
> duced by the rotation about AC only, in the same time; then, 
if the parallelogram QR he completed, PS, the diagonal, is the 
true motion of P, in that time. Now CPJi = yo‘*= BPCl; 
^ding RPJi to both, CPB:=:^ RPQ, Also 

"mSPQ : sinSPP :: sin SPQ : sin P*SQ :: SU : PQ 


:: PR : PCI . 

But PR = lo'l X Sin PC to radius A C ; 

PQ wt X Sin PB; 

sin SPQ : sin SPR a/. Sin P*C : w . Sin P B. 

Sin BD . sin BDP 


^ And sin BPD : sin CPD : 

'' - f’ 

Sin CD • sin C DP 


Sin CP 


Sin BP 

:: Sill PC . Sin BD : Sin P/?.. Sin CD 


:: w. Sin PC : w . Sin PB, 

.^^nte Sin BD : Sin CD :: sin BAD : sin CAD :: to : w). 

Hence, sin SPQ : sin SPR :: sin BPD : sin CPD. 

Since, then, the two angles CPB, RPQ, are equal, and are 
divided into parts, whose sines are in the same ratio, it follows, 
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that those parts are equal, or BPD=^QPS> Adding to each BPS^ 

DPS' =BPQ = 90®; 

and, 'cherefore, PS is perpendicular to the plane A DP. In 
the, same manner it may be shewn, that the plane passing through 
any other point of the body, and through AD, is perpendicular 
to the motion of that point ; and, since the axis of rotation is the 
line of intersection of all the planes perpendicular to the motion 
of every point, AD must be the axis of rotation. 

4. It is here supposed, that he angular motion about AB, 
tends to raise all the particles between AD and AC, and that 
the angular motion about AC tends to depress them. If, how- 
ever, the angular motions about both AB and AC, (fig. 2), tend 
to raise the particles between AB and AC, produce CA to CT: 
then the angular motion about AC* tends to raise the particles 
between AC and AB, and the angular motion about AB tends 
to depress them. Hence, the new axis of rotation will be the line 
AD, which makes sin BAD : sin CAD :: u> : o). The samo^, 
is true, if both angular motions tend to depress the particles 
between AB and AC. 


5. Prop. 12. The angular velocity about the new axis AD^ 
i^ill be to the original angular velocity about AB, as sin BAC 
to sin DAC; and the angular velocity about AD io the original 
angular velocity about AC, as sin BAC to sin BAD. 


6. Let w" be the angulai velocity about A D ; 

then, PS^w't . Sin DP. 

Now» PQ : PS :: sin PSQ : j>in PQS :: sin SPR : sin QPl^ 
sin DPC : sin BPC, 

since BP, DP, CP, are perpendicular to PQ, PS, PB, re- 
spectively. But 


sin DPC : sin BPC 


Sin DC . sin DPC Sin BC . sin BCP 
Sin DP 


; 


Sin DP 
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putting then for PQ and PS their vdlues^ 

c- np c- np SinZ>C Sin BC 

• • 

whence, w : a/* :: Sin DC : Sin BC :: sin DAC : sin BAQ» 
And, since w : oi sin BAD : sin DAC by (2); 
w : ft)'' sin BAD : sin JJAC- 


7- We have supposed, in the enunciations of the Propo- 
sitions above, that an angular motion about one axis, is suddenly 
impressed upon a body w'hich had previously an angular motion 
about another axis. It is evident, that the conclusion^ are the 
same, if we suppose both angular motions to be impressed at 
once. 


S. From these Propositions, compared with Prop. 4, Wood's 
Mechanics^ or Articles 26 and 27, W he well's Mechanics^ it 
iqi>pears, that if two forces in the directions AB, AC, be pro- 
portional to Wy w\ their resultant will be in the direction AD, 
and will be proportional to w\ And hence, if several angular 
motions were impressed upon a body at the same time, the new 
!Bxis of rotation and the angular velocity about that axis would 
be found, by finding the direction and magnitude of the resultant 
of forces in the directions of the several , axes of rotation, and 
liroportionul to the angular velocities. 

''Wh ^ body revolve about an axis, and angular motiens 

M^.tW 9 .>^'Other axes be impressed upon it, it is indifierent 
Mother we first compound the two impressed motions, and then 
n^oimund their resultant with the original motion, or compound 
Kk'Wiginal motion with one of the impressed motions, and then 
||«|||Qdiid their resultant with the other motion. For, in coin- 
pfmaiKig the forces proportional to these angular velocities, (he 
oi^er in which they are taken is indifferent. 

10. If the angular motion about AC be not produced in- 
sUmtaneously, but by the continued action of a finite force, its 
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effect may be found, by supposing the time divided into a great 
number of small intervals, and supposing the angular velocity 
generated in each of those intervals to be impressed at the end 
of each, and then finding the limit to which we approach, by 
increasing indehnitely the number of these intervals. 

4ir 

1 1. Prop. 3. If a uniform force act upon the body^ tend- 
ing to give *it a motion of rotation about an axis which is always 
perpendicular to the axis about wdiich it is at each instant 
revolving, and always in the plane BAC, (fig. 1 and 3), the 
angular velocity will be unaltered. 

Let CO be the original angular velocity ; and suppose the im- 
pressed force such as would generate in the angular velocity a. 
Let this l'' be divided into n parts ; then the angular velocity 

a 

generated in each of these parts, is - . Compounding (he 

d 

angular velocities co and - , of which the axes AB, ACy (fig. 3.) 
are at right angles to each oth er, w^e f ind, by (7), the new 
angular velocity about -4D= \/ oT + . Compounding this ' 

ct 

angular velocity with the angular velocity - , generated in the 

71 — 

second small interval, and observing that the axis Ac, about 
which it is produced, is perpendicular to the axis AD, aboul 
which the body is now revolving, the angular velocity the einl 
of flie second interval, is 



In the same way the angular velocity at the end of tb^fililgi^ 
interval, is 
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that at the end of the interval, or at the end of \"j in 
v/ « ^ i 

V + = V H • 

Let n be increased without limit, and this becomes = /y/af* = tti. 
The angular \clocity, therefore, is not altered in the first 
and since the same demonstration applies to every succeeding 
it folio wSj that the angular motion is unaltered. 


12. Prop. 4. Under the same circumstances, the axis of 
rotation has a uniform motion in space, fiom the position JIB 

^ Cl * 

towards AC; and the angle desciibed in = - . 

to 

Suppose r' divided into n parts, as in the first Proposition, 
and suppose A B, AC, (fig. 1), to be at light angles. If we 

suppose the angular velocity - , about the axis A C\ to be im- 
pressed instantaneously, and suppose AD^lo be the new axis of 
revolution; then, by Prop. 1, 

sin BAD ^ a 
sin CilD i/tti ' 


in the present case, 
sin BAD 

]rm = — . or tail BAD = — . 

*^os BAD nto nw 

j^ttppose n very much increased ; then tan BAD being diminished 
«|||iout limit, we may put the arc for the tangent; hence, 




flee 


And since, by the last Proposition, the angular 

vdbeity remains unaltered, angles equal to BAD will be added 
to BAD in each succeeding interval ; and, therefore, at the end 
of 1^', the axis of revolution will be inclined to the line, w'hich 
was the axis of revolution at the beginning of that l'', by the 

U 
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angle - . Since the same is true of every successive l", the 

O) 

axis of revolution will move from the position jiBj towards the 

- .Cl 

position AC, with the angular velocity — . 

13. Prop. 5. Under the same circumstances, if a spherical 
surface be* described in the body about the point A, at which 
the axes intersect each other, the points at which the successive 
axes of revolution cut this surface, will lie in the circumference 

ct 

of a small circle, whose radi * - = radius of the sphere x , 
nearly. 


Let AB, (tig. 3), be the original axis, and, as before, suppose 

.Cl 

divided into n parts, and the angular velocity - , about an 

n 

axis perpendicular to the axis of rotation, to bo impressed at the 
end of each. At the end of the first interval, the axis will be 

a 

transported from AB* to AD, the angle BAD being = 

fifti 

and at the end of the second and succeeding intervals, it wi|l 
have the positions AD', AD", 8cc. in space, each of the angler” 

DAD', DAD", &c. being = — . Now, in — , the body 

nw n \ 


revolves thrpugh ; hence, if on the surface of the ^here, 


angle DDd' be. made = - , and Dd' ==> DD, 

which, at the end of the second interval, coincides with D ; am 
A d! is, therefore, the line in the body, which, at the end of llff 
second interval, is the axis of rotation. In the same manul^if 


make with D(t produced the angle - , and dtdt* 

II 

A a' is the line, which, at the end of the third interval, is the atia 
of rotation, &c. From the construction it is evident, that 
Drt, &c., are the sides of a regular polygon. Suppose 
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now, n increased without limit, or the number of the sides of 
the polygon increased without limit ; the limit of the line traced 
on the spherical surface by its intersections with the successive 
axes, is a circle. • * 


14. To find the radius of this circle, we observe, that if the 
circle and polygon be small, the sum of ajl the angles at D, d', 

U) 

&c. =s2ir; but, since each of them = - , their number, or the 


number of sides of the polygon = 


n 

2 W TT 


U) 


And the length of 


each AB X - — ;* therefore the circumference of ihg polygon, 

or ultimately of the circle = — ; therefore the radius 

to 


of the circle = AB x — . 

w 


l5. If the force which acts upon the body be nearly, but 
not exactly, uniform, and if the axes about which it tends to 
produce motion, be not contained in the plane BAC, then the 
^propositions above will be nearly, but not exactly, true. The 
^^ine traced on the spherical surface in Prop. 5, by the successive 
poles of rotation, will be a spiral approaching very nearly to a 
^circle : the change of position of the axis in space at every instant, 
vill be in the plane passing through the axis of rotation, 
the, axis of impressed motion at that instant; and \he 
city/ of the change, though not uniform, will be at that 
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ON PRECESSION AND NUTATION. 

>6. Prop. 6. To explain the physical cause of solar pre- 
cession^ and solar nutation. 

Let A, (fig- 4), be the Earth’s centre; AB the axis of rota- 
tion ; S the Sun ; CHG the equator of the terrestrial spheroid ; 
CAG that diameter of the equator^ which is perpendicular to 
and suppose the Earth to in the position which it has 
at the summer solstice. In the succeeding* investigations, which 
relate only to the motion of the P'arth about its center of gravity^ 
we may suppose the center of gravity to be kept at rest, and the 
motion of the Earth about this point will be the same, as if we 
supposed it moving freely, (Whe well’s Dynamics^ Art. 129 , 
l^oisson, Mecarngue, 402). Suppose, then, A the Earth’s 
center, to be at rest ; and consider the effect which the Sun’s 
attraction would then produce on the Earth. If the Earth were 
spherical, it is evidcntc that the Sun’s attraction w^ould have no 
tendency to give the Earth any rotation about the center^.. 
But the Earth is an oblate spheroid ; we must, therefore, coo’f^ 
sider the effect produced by the Sun’s attraction on the parts of 
the spheroid which are exterior to the sphere toi^ching the 
spheroid at its poles. Now 'the Sun’s attraction is inversely as 
the square of the distance of the matter attracted ; ^nd, con- 
sequently, the attraction on the spheroidal protuberance^ at 
greater than the attraction on that at H, Theoffh^\pf jd|||L 
supposing the Earth at rest, would evidently be to ]^e 
motion of rotation about the line CAG, in such a direction in 
to bring the point K towards B, But the Earth is not at rngii 
but is revolving about the axis AB, w^hich nearly coinci8e|y|||h 
the axis of the spheroid, in such a direction as to thq 

point C towards K, This, then, is exactly the case consideretl 
in Prop. 4. The Earth has a previous motion of rotation ; and 
a force acts on it, which, for a short time at least, is unifonn, 
and which tends to give it a motion \)f rotation round an aids 
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perpendicular to the axis about which it is revolving. The axis 
of rotatipn^ therefore, moves from the position AB towards iiC, 

describing in each l'' the angle - • Let AD he the position of 

w * * 

the axis of rotation after a short time ; and let AL be perpen- 
dicular to the ecliptic. It is evident, that the path of the pole, 
or the arc joining BD, is a tangent to the circle passigg through 
.B, whose center is in AL, and whose plane is perpendicular to 
AL ; and that the motion of the pole in this circle, is in a 
direction opposite to the direction of the Earth’s rotation, or is 
retrograde. This, then, is precession of the equinoxes. 

• 

17- If we now consider the situation of the Earth at the 
winter solstice, (bg. 5 ), it w'ill be seen, that the Sun’s attraction 
upon Hy is now greater than the attraction on K ; and, therefore, 
the motion of rotation about CAGy which the Sun’s action 
tends to produce in the Earth, is in the same direction as before. 
The motion of the axis of rotation is, therefore, in the same 
direction as at the summer solstice. 

18« If the effect of the Sun’s actio^i be examined in any 
ojhDftr situation of the Earth, it will be found that, as the small 
"’line BD is always perpendicular to the plane passing through 
the S*)n and the Earth’s axis, it is not always a tangent to the 
small circl^ whose center is in AL. The Sun’s action, therefore, 
sometimes increases the inclination of the axis of rotation to the 

f tbb ecliptic, and sometimes diminishes it ; but, (as we 
3W hereafter), does not permanently alter it. This phde- 
^ia^one part of solar nutation. The angular motion of 
I of rotation about the axis of the ecliptic, i;i always in 
e direction ; but as the action of the Sun is different in 
t positions of the Earth, and is 0 at the equinoxes, this 
motion or precession is irregular. The correction which 
U is neS^Bsary to apply to a uniform precession, is the other part 
of solar nutation. 

19. Prop. 6. To explain the physical cause of lunar pre- 
cession, and lunar nutation. 
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Since the Moon describes, (very nearly), a great circle about 
the Earth in a month, in the same manner as the Sun ki a year, 
the same explanation which has been given for the precession 
and nutation produced by the Sun in a year, will apply to those 
produced by the Moon in a month. But the monthly nutation 
produced by the Moon is so small, that it is very seldom con- 
sidered. Since, however, the magnitude and direction of the 
permanent precession produced by the Sun, depends upon the 
inclination of the Earth’s axis to the axis of the ecliptic, or 
Sun’s apparent orbit, it is easy to see, that the magnitude and 
direction of the precession prodn< ed by the Moon in one month, 
depends upon the inclination of the Earth’s axis to the axis of 
the Moon’s orbit. Now this is perpetually varying; the axis 
of the Moon’s orbit revolves about the axis of the ecliptic in 
about 18 years, 7 months, with a motion nearly uniform, and 
preserving nearly a constant inclination. The velocity and 
direction of the motion of the Earth’s axis, produced by ,the 
Moon, is, therefore, irregular. We shall shew, that the pre- 
ccssional motion, though irregular, is permanent; but that the 
alteration in the incliijation to the axis of the ecliptic is peQO- 
dical ; the inclination returning to its former value, in a revo* 
lution of the Moon’s nodes. This change in the inclination, H 
one part of lunar nutation ; the other part is the correction whicMf 
must be applied to the mean precession, in order to fltiJ tha 
true. 


120. Prop. 7. The velocity of the Earfti’s rotatl^on is ut|^ 
allered by the action of the Sun and Moon. 

Since the Sun’s action would give the Earth a motion 'Hi 
rotation about an axis, in the plane of the equator of the teritw 
trial spheroid, and the Moon’s action would give it a. rotawfi 
about another axis in the same plane, their combined tfctiod 
would* give the Earth a rotation about a third axis in that pland, 
by (7). 

Now to shew that the Earth’s angular velocity is unaltered, 
we must shew, that this axis is always perpendicular to the axis 



INFLUENCE OF A DISTANT BODY CALCULATED.* 135 


of rotation. Let AC, (6g. 3), be 'this axis, AB the axis of 
rotation ^ by (15), the points of intersection of this axis with a 
sphere described in the Earth about A, lie nearly in a small 
circle, whose center is E. The cllipticity of the Earth is» ixo- 
duced by its rotation ; and since the axis of rotation passes suc- 
cessively through all points of the circle BF in one revolution, 
the axis of the spheroid w'ill pass through £, the center of that 
circle. AF, therefore, is perpendicular to AC ; o( if £C be 
joined by an arc of a great circle, FC is a quadrant. And EBC 
is a right angle ; hence, BC is also a quadrant, or liAC is always 
a right angle. Consequently, by Prop. 3, the velocity of rota- 
tion is not altered. 

» 

21. Prop. 8 . To calculate the value of a; the force 
* acting on the Earth being the attraction of a distant body ; and 
the Earth being a homogeneous spheroid. 


Let Aj (6g. 6), be the Earth’s renter ; A B the axis of the 
spheroid : S the attracting body ; take P, the projection of any 
point of the Earth, and draw PN perpendicular to SA, and 
PM perpendicular to the projection of Um equator. Let J' be 
the attraction of upon A ; then the attraction of 3 upon P, is 

SA"^ SA^ SR 

Jf' or, if SR = , it = ff 

taken to represent the force y*, SR will represent the force on P, 
and RA the difference of forces on P and A ; or that cJifteroiice 
, RA 

forces, = J . and is in the direction KA. Now if a 
o A 



ijreffe applied to every point of the spheroid, in the dircc- 
SA, it would produce no effect in giving the Earth a motion 
lut A ; without altering the motion, therefore, we may suppose 
force applied ; that is, we may suppose the only force acting 
pb pointj to be the difference of the force really acting there, 
i^d force at A. In the figure, the point A is evidently the 
projection of the axis, about which these forces would make the 
Earth revolve. We must, therefore, find the momentum of the 

RA 

force f impressed on a particle Sm at P, about the centre A. 
SA 
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Let iSQ = Sil; then, S being very distant, AQ is nearly per- 
pendicular to SA ; and « 


SR = 


SQ* 


(3a -pay 


=S so + 2 pa, nearly; 


RA 


or RCI=:2PQ. TUje force Swi may now be resolved 

Oil 


into 


y — dw and J . or fdm . — ^ and f dm , 


acting at.P in the directions OP, PN.' Their momenta to 
turn the Earth in the direction KB, arc 

iPQ.PN , PN.PQ 

-jSm. .nd -jSm.~^j-, 

(considering PO parallel to NA)^ the sum of these , , 

PN.PQ 
= >-3f.Sm. --g-j- -■ 

If the absolute force of the attracting body S ^ S, and SA = 

g 

then y* = — , and the moment of the force on P 
= - hit. PN.PQ. 


Let AM^x\ MP^y\ BiliS=:d. 

Then PN^MV s^\\ 9 — xcosdi 

PQ=s PF + AT =y cos 0 + x sin ft 

Substituting these values, the moment of the force on the* par^ 
tide at P 
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S2. We must now find the suftis of the expressions arSm, 
for every particle of the spheroid. Suppose the 
spheroid divided into slices by planes parallel to the plane of t ?/ ; 
Jet two of these be at the distances z, and z + respeefivoly ; 
z being measured' perpendicular to the plane of xj/, and S z 
being small ; and let the included slice be divided into prisms^ 
by planes parallel to ^ 2 ;; two of these beiog at the distances a*, 
and x + Sx from the plane of and take a portion of this 

prism^ included between the co-ordinates t/ and y + 5//. The 
volume of this portion = 5 a* . . 5 2 : ; and if k be the density, 

the expression xyStn becomes, for this portion, Sz . Sx .kxySy, 
Jf p be the sum of X]/Sm for the prism, 

= Sx . • /t X y, 

f/y 

5s » A' y 
or p=^dz , ex . - ” ; 

‘ o 

taking this between the limits 


y = — - — a® —3% and y = +•- cr - x®— r. 


(|ince the equation to the surface of tlie spheroid is 

+ 


c* 


•^- 1 ), /> = o- 


Hence, tbe sum of xy^m for the whole spheroid, i8 = (J 

|p23. *»Fl5r the sum of it appears in the same manner, 

if be the sum for the prism. 


^ =s Sz .Sx . kx’^, or w = Sz .Sx . ki^i / ; 
dy 


tvhich, taken between the limits + - — r* — 2 *, gives 


w^fLkSz .Sx x^ \J ^ T* — z^. 

a 


S 
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This is ultimately the increment of ilie sum of for the 

slice, produced by giving to x the increment Sjt ; calling thia 
sum V, 


dv 

dx 



'and v = QkSz^ — jt;* — 


2 being considered constant in the integration. 

The integral is 

4 Ja'-z') 

The limits of x are the least and greatest values of x in the 
slice ; that is^ the values given by the equation to the surface, 
upon making ^ = O ; they are, therefore, T ; and 

,, c (a*-2T 

1? = Ao Z . - • . TT. 

a 4 

Now, if u be the sum of for the whole sphferoid, v is 

ultimately the increment of u, arising from giving to the in-* 
crement S z ; hence, 

^ = fr.i .!r.(«»_2»)« = A.£.5 X (a‘-2aV+**) 
dz « 4 a 4 

tissk.- . la'z -- - + "*’); 

a 4 V 3 5^ 

taking this between the limits a, 

c 4 a " 4 TT 


4 d 

U 


u^k , ^ , w , == kc^^ ^ 


15 


ca c X a \ 
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S4. Id the same manner, it would be found that the sum 
of the*y*5»# for the spheroid = ka^c x c*. Hence, the 
moment of all the impressed forces 

= ka^c (a® — f®) sill 6 . cos 9. 

1 • 

25. Now, to find the angular vt'locity which this would 
generate in about the axis whose projection is 2I, we must 
{Whewell’s DyHamicSj Art. 74.) divide this by the moment of 
inertia, or the sum of (jr®+y®)Sw for the whole spheroid. 
This sum is found in the same manner to be 

• 

= — ka^c (a* + c*). 

15 


Hence, the angular velocity generated in l'", or a, 


3 S qT — c® 

"7 * 7+7 


sin 9 • cos 9. 


26. Prop. 9. To calculate a, supposing the earth hetero- 
geneous.. 

\ 

Suppose the Earth composed of strata of different densities, 
bounded ^y spheroidal surfaces of different ellipticities, as in 
the Treatise on the Figure of the Earth. Let c be the semi- 
axb of any one of these spheroids, e its ellipticity ; c the semi- 
Jptais of the external surface, e its ellipticity \ p the density at 
Hay polWf p and e being functions of c. Then, (since — c® 
nearly, and a® + c® = 2c* and a*c^c'^ nearly) as in 
^Top. 22. of the Figure of the Earth, we shall have for the 
wamaut of the impressed forces. 


SS . ^ a Sw ^ rf(c*e) 
— y sin tf , cos V . .Jc p • 
r 15 


3S 


8 TT 

sin 9 • cos 9 . — yf/ (c). 
15 


de 
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And the moment of ineitia 


Stt « d{c^) 

r 17 ^ • “TT 


8 TT 

17 


<r(c), if(r(c)=//>. 


dc ’ 


lienee^ tlic Earth being heterogeneous^ 

. >/.(c) 

a = —r . sin a . cos v . . 

r O' (c) 

27 . In the investigation of the value of a, we have sup* 
posed that the only force wd'..*h tends to give the Earth a 
lotatory motion about AC^ fig. j and A, is the action of a distant 
body. This, however, is not stiictly true ; for, since AD, the 
axis about which the Earth is at any instant revolving, does not 
coincide with AE the axis of the figure, the centiifugal force 
will diminish the effect produced by the distant body. With 
an cllipticity, however, so small as that of the Earth, this di« 
niiniition is not sensible. 


28. Proi*. 10. To investigate the quantity of solar pre* 
cession for any given time. 


Suppose £C, fig. 7, to be the projection of the ecliptic on 
the surface of a sphere described about the Earth's Renter; iSJ 
P, Q, the projections of the Sun’s place, the pole of ^e Earth, 
and the pole of the ecliptic ; join SP by an arc {of a great 
circle. By Prop. 8 and 9, the value of a is 


3B.S , . 

— 3 — sin u . cos By 


B being = ^ if the Earth be homogeneous, and « 

a' + C re ^ 

if the Earth be heterogeneous. Now, B is the ar^le 

the Earth’s axis with the line joining the centers of the mia am 

Earth, and is, therefore, in fig. 7, represented by SP: hence 


3A.S 


sill SP . cos SP: 
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and, Prop. 4, ihe pole of rotation moves with the velocity 

a SB.S . 

- or — o — sin oP.cos oP, 
u) r w 

ill the direction Pp perpendicular to PS, The resolved part 
of this motion^ perpendicular to PQ, or p^llel to CE, is 

^-5 — ^ . sill SP . cos SP . cos SPC. 
rw 


Let ESj the Sun’s longitude = /; QP the inclination of the 
equator and ecliptic *= /. Tlien 

cos SP = cos CS . cos CP = sin J . sin i ; 

sin PC __ 

sin P5 c ~ sin PS& 

cos SPC = cos SC . sin PSC = sin Z . sin PSC ; 
therefore, the velocity of the pole parallq} to CS is 


^B.S . j r • s / 
Sin i • cos I . sill I, 


5 

r w 


and the nation of the pole in that direction 
SB.SL , r /’sin*/ 3B.S . , . C sin*/ dt 

“ “TT?'*'" V < ^ ^ ^ ; J/ 


01 i 


[ow^ by Art. 12 of Physical Astronomy, neglecting the Earth’s 
^ass in comparison with the bun’s. 


dt 


dl ^ail-e^).S’ 


where a and e are the semi-axis-major and excentricity of the 
1 Sun’s apparent orbit; therefore, the motion of the pole parallel 
.to CS 
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S B \/~S . P sin* / 

= sin i . cos i ./| , — 

3 iB \/*S 


> (a . I — e*)i 


sin /. cos / yj sin® / (1 +e cos /— A) 


where A; is the longitude of the Sun*s perigee. Let 7=1 year: 
by Art. 15, of Physical Astronomy ^ 


our expression becomes then 

Gtt. B . /» 2 

Tta (I — g®)t **" -* • cos / y, sin / (1 + c cos /— A) 


Sw ^ R 
r(w(l-e*)t 


sin / • cos / 


+ / ^ — +<.8in I’-k-* ^ 8in/+ fc— g siii 3/ — , 

The thiee last terms of this expression are so small when nu* 
iiieiically calculated^ that they are rejected; and the motion iH 
the pole parallel to CS, is^ therefore, ( 

Stt. B . ^ r , 8in2Z\ \ 

•|J.cos/(c+/-.?iJ^) neidj?’ ^ 


or - sin 


29 . The fiist term of this expression never changet ijjgi., 
but increases as / increases^ and is^ therefore^ nearly flropor* 
tional to the time from any fixed epoch ; it is the preeessional 
motion of the pole. The second term is periodical^ going 
through all its values in half a year ; it is the corieolidti 
must be applied to the place of the pole found on the sup- 
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position of uniform precession^ in order to obtain its true place. 
This is ene part of Solar Nutation. 

30. To obtain the precession of the equinoxes, or the angular 
motion of P about Q, we must divide the expression above by 
sin 1 : it is, therefore. 

Sir. B , , , sin 


The first term is the uniform precession; the second is the 
correction to be applied to it^ called the Solar Equation of the 
Equinoxes in longitude. 

31. Prop. 11. To investigate the change in the inclination 
of the ecliptic^ produced by the Suns action on the Earth. 


In (28) it was found that the velocity of the pole in the 
direction Pp, fig. 7, is 

SB.S . 

— 3 — Sin SP . cos SP ; 
r o) • 

K"''' 

therefore, its velocity in the direction PQ 
3B.S 


sin SP . cos SP . sin SPC. 


I 


^ut sin SP . sin SPC = sin SC = cos / ; 

cos SP = cos PC . cos SC = sill I . sill / ; • 

perefore, the motion in the direction PQ, or the dimiiiiitioii 
^ the inclination, 

3 JB . . - P sill I . cos I 

sill i / , 5 ; 

wnich, as in (28), is changed into 


6ir.P 

Tw 


sin /yj sin / cos / ( 1 + c cos / — k). 
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Neglecting^ as before^ the terms depending on e, this is 
Sir . II , r ^ 


<ir, if I be the mean inclination^ the true inclination 

, .3 TT . /i . - cos 2 / 

' =i+ -7p — . 

J (i) 2 

The term added to 1 is the second part of Solar Nutation. 

32. If we call the two parts of Solar Nutation, mentioned 
in (28) and (31), x and we shall easily perceive that they are 
connected by this equation, 


\s 


2 Tw 

TT . /I • sin / • cos 


/) (a^.i^sin/) 


This is the equation to an ellipse, w'hose a.\cs are in the ratio^of 
cos i : 1. Thus is c.Kplaincd the construction in Woodhouses 
AslrofWfnj/y new edition, p. 367* 

33. Pro I*. 12, To investigate the motion of the pole 
duced bv the Moon in one sidereal revolution. 

By (9)i it appears, that instead of considering at once the 
cflect of the Sun and Moon upon the Earth, we mm 6rst in-^ 
\cstigate the effect produced by one, and then add to it the 
effect pioduced by the other. For the effect producea by the 
Moon, the investigation is exactly similar to .Ml 

and 12, and the same figure may be used; observiiiglafti 
JSC is the great circle apparently described by the Mooii, 
is not now the pole of the ecliptic, but the pole of the Mooo^ 
orbit. There is' only one difference: putting E for 
absolute force, M for the Moon's, T' for the time of a jrtdereal 
revolution of the Moon, I' for the inclination of the Earth's " 
axis to the axis of the Moon s orbit, a for the mean Stance, 

- will be > '’I =-, and T' wiU be 
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, ^ Sw B • :lvB M 

and^ therefore, instead of — — , we must put • n — • 

. 10) i w + M 

If the Moon’s mass be - tli of the Eai‘th'.s, this = .t;—* r . 

n r ft) (// 4- 1) 

Thus wc find for the iiiotion of the pole parallel to the Moon's 
orbit, • 

3w . IJ sin 7' . cos J" /,, , sin 2 /\ 

~rw(V^) ^ ' 

and for the motion perpendicular to the Moon's orbit, 

SirB . sin V cos 2/ • 

rft)(//+i) ' 

l being now measured from the intersection of the equator with 
the Moon’s orbit. 


94. The latter expression, and the second term of the 
former, are periodical terms, going through all their changes of 
value twice in a month : their magnitudesj^ besides, are so small, 
they are generally neglected. 

Supposing I increased by 2 tt, we find, for the motion of the 
polw produjced by the Moon’s action in a sidereal revolution, 


() TT’ . Ti . sin /' . cos /' 

fujoifipu ia parall^^ the Moon's orbit, or perpendicular 
pSat circle joining the pole of the Earth with the pole 
ibe Muon’s orbit. 



Prop- 13. To investigate the prccessional motion pro- 
diucra bf;, the Mooq* 8 action during a long period. 

> • 

Let Q, fig. 8 , be the pole of the ecliptic ; f/ that of the 
Moon*0 orbit ; P that of the Earth : let them be joined by arcs 
great circles ; then, by the last article, it appears that by 

T 
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the action of the Moon, the |>ole is in the time T' carried in the 
direction Pp, perpendicular to Py, through the arc 


P w {ti 1 ) 


sin 9 P • cos q P. 


This may be represented by supposing the pole to have the 
velocity 


6 7r\ n 
r*w(M+l) 


sin q P . cos q P, 


in the direction Pp. Its velocitv then in a direction per- 
pendicular to QPj is 

y /2 ‘ cos <7 P . cos QPq. 

This we must express in terms of QP, Qq^ and the angle 
PQq. • 


36, Now, 


sin 9 P • cos QPq = 


cos Qq — cos QP • cos q P 
sin QP 


but cos ^Psscos QP . cos Qg + 8tn QP • sin Qq icos Qf 
substituting this, 1 

sin qP . cos QPq= sin QP . cos Qq — cos QP . sin • C09 
Multiplying by 

cos 9P = cos QP . cos Qg + sin QP • sin Qq • coi Q|, 
we find sin 9 P • cos q P . cos QP j jjjdj 

ssinQP.cosQP.cos^Qf — (cos*QP— sin*QP). sinQj .ctk Off . c 
sin ■ cos QP . sin* Qg . COB* Q. 

Put I and * for QP and Q 9 : / and t are neaiijr conatai 
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and, since the Moon’s nodes revofve in a retrograde direction 
through a great circle in 18,6 years, if r= 18,6 years, 



Hence, the velocity of the pole perpendicular to QP, is* 

* • 

6 TT^ B f-r i "-I I- 

77775 — ; — - . < Sin i cos i . cos’ I — i cos 2 I . sin 2 1 . cos 

i . (// + 1) I ^ X 


— sin / . cos /. sin* i . cos* 


2 7rt l 


B 

1 ) 


! sin I cos / (cos'"’ * — 2 


- ^ cos 2 i . 


|lniegrating this with respect to t, wc find tlie prccessional 
Imotion of the pole 


Ow^B 

“ r*ai(«+J) 


{ 


sin I cos I (cos* « — ^ sin**) . I 


'T . .. 2ir I 

cos 2 I . sill 2 / , sin 

4 TT , T 

^ ' 1 r 7 

sin / . cos i . sin i . sin — + C. 

8 TT T 

I 37 * " The first term of this expression is proportional to the 
therefore, increases uniformly, ’i'hc second term is 

^periodiej|ir$ it depends upon sin — — , or sin Q, or sin loii- 

;igitiide of Moon’s ascending node. This is a part of Lunar 
:Mutation. The third term depends upon sin 2 long. Moon’s ascend- 
ing nodej it is, therefore, a part of Nutation : but its numerical 
'lvalue is so small, that it is commonly neglected. 
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38. To obtain the lunar precession of tlie equinoxes, we 
niiist, as before, divide the last expression by sin Thus, 
we get 

T ccs2l . . Qirt T r • s\n4firt\ 

— . — : — r • ^ cos I . sin i . > . 

4 TT sill I X 8 TT 'T } 


The first term, which increases uniformly, is called simply the 
lunar precession; the second is the lunar equation of the equi- 
noxes in longitude; the third is i.^glected. The lunar pre- 
cession for a year is found by putting T for t ; it is, therefore, 

G TT* J[i _ o. T rr? 

T py - y , • cos I (cos I - J SHI 0 . r. 

i w (h+ 1) 

3f). Prop. 14. To investigate the alteration in the ob^ 
liqiiity of the ecliptic produced by the Moon’s action. 


Py (35), the velocity of the pole in the direction Pp, is 

(ITT*. B 


r ^w {n+ I) 


sin q P . cos q P. 


The velocity, thercfoic, with which the inclination is^ increased^ 
is 


G7r\ B 

r*’a)(« + 1) 


. sin q P . cos q P • sin QP-q^. 


Now, sill q P • sin QPq = sin t .sin Q ; 
and cos q P ^ cos i • cos i + sin / . sin i . cos .Q. 
Their product 

= cos / . sin I . cos i .sin Q + sin I . sin^ i • sin Q • cos Q ; 
or, the velocity of increase of inclination 
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6^\B 


{ , r • . 1 • T • ■> • • 4 irt\ 

^co.s/.sin2t .sin -~ + j8ini.sin t.sm— 


.ntcgrating this with respect to t, the inclination 


= /- 


6 IT-. It 

r'«(M+ 1) 


cos / . sin 2 1 . cos 


Sirf * 


<4 TT 

T . . J . 4w/) 

A . sin 1 . sin i . cos > . 

Stt X J 


The terms subtracted from I arc periodical^ depending upon 

2 TT ^ * 

;os j or cos long. Moon’s ascending node^ and* upon the 

T 

;osinc of twice that angle; the first is a part of Lunar Nutation ; 
he second is usually neglected. 


40. If we call x and y the first terms of nutation in (3fi) 
lUd (39)9 it will easily be seen that they are connected by this 
iquationj 


-•( 


2 T'‘w (« + 1) 


3ir. lj‘r.cos2/.sin 2 


i) 


2 r*a.(«+l) 


Stt W.t.cos 


/. sill Si-' 


This is tlic equation to an ellipse^ in which the axes have the 
'atio of Icos £ I : cos J. This explains the construction in 
l¥oodhoiise’s Astronomy, page 337. 

f .. . • 

last Propositions we have considered i to be 
and Q to be proportional to ^ It appears, however, 
Tom^a^rt. 68. of the Physical Astronomy, that the inclination 
Ljeiiipssed, nearly, by 

i • cos 2 • long, node — long. Sun^ ; 


ind that from the longitude of the node, found on the sup- 
position its uiiifonn retrogradation, wc must subtract 
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.*) rn 


sin 2 . lung, node — long. Sun. 


2 irt 

Now, (lie Sun’s longitude = -- +c, neaily; the longitude 


^2 'irt 


m IT I 

of the node = 3G0 — : hence, for i we ought to put 


r 3 m 

[ cos 4 7r^ 


and for (i we should put 

^irt 3m . 

— 8iu4 7r^ 

T 8 


(y, + ;+c)}, 


bofoie pel forming the integrations: and siii2Q, &c. could be 
expanded, as in Art. 49, of Vhtfskal /islronomy. But the ad- 
ditional Uims thus introduced have small coefficients, and upou^ 
integration leceivc large divisors, so that they become quite ' 
insensible. The expressions which we have found are, therefore, 
subject to no sensible error. 

42. If now, ill the terms of Nutation, wdiich depend on twice 
the longitude of the ^iooii’s ascending node, we used not tfie 
mean longitude of the node but the true, we should add to the 
expressions terms which have small coefficients, but whkh are not 
integrated, and, therefore, do not receive large divisoW The 

• vaflies thus found for the parts of Nutation at Qiy^^givlli tirnk 
would, therefore, sensibly differ from those found by tm*f 
above. And, since the latter differ from the true ones ^ly 
quantities which arc insensible, it follows that the valucw feuntj 
by using the true longitude of the node, are sensibly 
In calculating Nutation, therefore, the mean loDgiti4ia''oy^ 
node must be used, not the true. ' * 

43. Prop. 15. Assuming the law of density of the Earth, 
and the mass of the Moon, to calculate numerically the aimual 
piecession and the coefficients of solar and lunar nutation. 
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» • ' * V'' (^) 

It IS first necessary to calculate the value of U, or - , 

o- (c) 

>vhich enters into all the expressions. Suppose^ then, as in 
Prop. 29, of the Figure of the Earth, p = A * lly 

Art. G\y of the same, 


V' (c) = § 

3 V ff (c) 


Now 0(c) = Jt:P~^ =3jl A.c.smqc 


= 3 A 




cos qc sill 


+ 


r )' 


which, taken from c — 0 to c = c, gives 


0 (c) = 3 ^ - 


c.cosqc sin^c^ 


d 

Afid <r(c) ^fep, — by (26) = 5 AfrC^ sin qc 
dc 




—<? . cos qc Sc .mi qc 6 r . cos qc 6 sin qi:\ 

“TI T~~ ^ ? T * ' 

for c, we have the value of a (c). Hence 
^ , cos qc + « sin qc 


X 3 

' ^^^}*c*rcosyc+3ff*c®singc+6jc.cos5c— Gsin^c 

(-i) 


- — - — , where z = 1 — • 

oz taiifc 


2 + z- ^ 
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If we suppose q to have the value used in Art. 66, of the 

Figuic of the 'Earth, namely, and take the value of 

o c 

Vfl 

e — — , found in Ait. GG, we get for the value of J3, ,0031677. 

44. The solar annual precession, which is found by sup- 
posing I to be increased by 2 tt in the expression of (30), is 

G TT^. li . cos I 

rty ‘ • 

I U) 


Now Tw = the angle described by tie diuinal revolution of the 
Earth in 1 year = 2 tt x 366, 2G; I = 23®. 28^ : hence, the 
solai annual precession 

_ B X 3 TT X cos 23®. 28' 

366,26 


This is in parts of the radius : to reduce it to seconds we must 

multiply It by • Thus the solar annual pre* 

cession in seconds 


B X 9 X ^ ^ X cos 23® . 28' ^ 
366,26 “ 


which, putting for B the value above, = 15^^, 42. 

;45. From (30) it appeals that the coefficient of hk 

the Solar Equation of the equinoxes in lonpritud e^ ia,ty i^anq|H||| 
solar precession as j : 2 tt. This coefficient, therefonSl 


15^42 
4 TT 


l",23. 


And from (31), it appears that the coefficient of in the 

Solai Nutation in obliquity, is to the annual 86lar preMBsion as * 


sin 1 


2 w . cos / ; 
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nvhence this coefficient 


= =U 

4 w cot i 

46 . By (38)^ the lunar annual precession 

6^-* r cos J ✓ 3 . , A 

= B X —- 7 - . —7 . — — . I 1 — - sin I I . 

Tw T n+l \ 2 ^ 

NoWj 2''co = angle described by the diurnal revolution of the 
Earth in one revolution of the Moon 


T 366,26 0/^/1 

=r2 7rX27,32 : 7^7 = : f = 6”. 8'. 60''; 

' T 27,32 


suppose the Moon’s mass — that of the Earth, or ^/=:70; 
hence, the lunar annual precession 

“ ^ (27,32)* X 7 1 


This reduiSed to seconds, as the former was 

L D 9 X 366,26 x cos 23". 28' x ,9879 1 
ts x> X 


(27,32)* X 71 


iMi^ne same value for B, this = 38^', 57. 


(38), the coefficient of sin or sin long. Moon*8 

ending,' liode, in the lunar equation of the equinoxes in lon- 
ide, is 

3ir .T . cos 2 /. sin 2i 
^ 2r'*.a>(« + l).sin / ' 
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T T T 1 18,6x366,26 ^ 

r^u> ““ T ’ r' • rw “ (27,32)" x 2 tt' 


hence, this coefficient 

3 X 18,6 X 366,26 x cos 2 / sin 2 i 


“ JB X 

and in seconds 
= 7?x 


4(27,32)^71.sin I 

9 X 60’ X 18,6 X 366,26 x cos 46®. . sin 10®. 17'. 40" 

4 TT (27,32)* 71 . sin 23®. 28' 


Giving B tlie same value as before, the number of seconds is 
19,3. And comparing (38) with (39), it is seen that the co- 
efficient just found IS to the coefficient of cos long, ascending 
node in the lunar nutation in obliquity, as 


cos 2 I 


cos /, or as 1 : | tan 2 / : 


sin I 

whence this coefficient in seconds 

tan 46®. 5& x 19,3 
- 2 


1 10,33. 


The obseived values of these coefficients are 18",03dUnd 9", 6. 

*48. Adding together the numbers found in (44)^d (4 
the whole annual precession = 53", 99* 
is 50", I . 

49- Prop. l6. From observations on preces8ioL||||MM|^ 
tion, to determine the Moon’s mass, and the i lliji(||j|^rirrti 
Earth. M 

V 

Among the various results of observation we s^^Select, i 
those most accurately determined, the whole an^ preeenno 
in seconds (a), and the coefficient of the lunar '' autadon i 
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obliqui^ (b). Comparing the expressions in (38) and (39), the 
lunar annual precession 

4.r(l-2™'.) -r , 

= 0 X : : . — s=io X C. suppose. 

sin T 


Subtracting this from the whole annual precession^ the solar 
annual precession — and 

solar annual precession a 

lunar annual* precession bC bC 

a 

But^ by the expressions in (30) and (38), 

solar annual precession ^ T'* (n+\) 

lunar annual precession ^ • 2 A ' 



r”(ii4-i) 

r-O -!«»•.) 


= D (n + 1 ), suppose ; 



and«+l = i (^- 1 ) 


mines n, that is, the ratio of the mass of the Earth 

he Moon. If we calculate the values of C and 

T X 

values of i, — , and — , already given. 


«+l = 7 X 47,58- 177,56. 

0 

^ 60. The, ellipticity of the Earth cannot be determined at 
^^ from mge data, but an equation can be found depending 
m the law^^nsity of its strata, such that if a law be assumed 
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with one indeterminate coefficient, that coefficient can be found 
by approximation, and the ellipticity of the Earth can then be 
determined. The solar annual precession we have found 
= a — b . C: but the expression for it in seconds, by (30), is 


fi X 


yxfio® X cos«3®.e8' 
jKi6,2G 


= B X 4869 ; 


making these equal, and putting for C its value, 
B = a X, 0002054 -A x, 0007675. 


This gives the value of 



0(c) 

‘ <r (c) ' 


If, as in Art. 06, of the Figure of the Earth, we assume for 

sin oc 

the form of the expression for p, A — — , we have Ibis eqiu^-* 
tion^ 



where z = 1 : 

tan gc 


liiiiiing the value of b>' approximation, the 

surface will be found by .substituting it in the equatio|g^^j^Ji^ 

3z 

^ f-s -3 
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51. JThe values of a and b, according to the observations 
of most astronomers, are 50", 1 and Substituting ,th^s.e..... 


/• 
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with one indeterminate coefficient, that coefficient can be found 
by approximation, and the ellipticity of the Earth can then be 



' £LUPTICITV OP THE EARTH DETERMINED. 157 

51. JThe values of a and by according to the observations 
of most astronomers, are 5Ql\\ and 9'\6. Substituting these 
in the formulae above, = and ii = ,0029*25. Assi|mjiig 
the law of density mentioned above, gfc= l60° .53', and 

e=:.00308.2=^^. 

52. Dr. Brinkley, in the Philosophical Transactions for 
1821, has reduced the value of b to 9'^25. This gives ii = 7B,2, 
and jB = ,0031911; thence ^c=l49‘^. lO', and 

1 

303,3 


e = , 0032973 = 
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1. In solving problems of maxima and minima by the 
Differential Calculus, it is necessary to express the quantity, 
which is to be made a maximum or minimum, in terms of the 
independent variable, or at least ' > 6nd an equation between 
them ; in all cases it is necessar\ to assign a relation between 
the function (n) and the independent variable (i), so that for 
any given value of x, the corresponding value of u actually 

can be found. When this is the case, ^ can be found ; and 

ax 


if wc inaVc it =: 0, an equation is obtained, which, combined if 
necessary with the original equation, determines the value of 9 
or n, corresponding to the maximum or minimum value of u ; 
and the problem is solved. 


2. But it is sometimes necessary to solve problems j 
and minima, when the relation between u and x 
expressed, a depending generally upon an integral ^ 

V involves y and its differential coefficients, and whe 
object of tiie problem to find the relation betweeo| 
Suppose, for instance, it were required to *^nd the 
quickest descent from one given point to^i 
X be measured horizontally from the first point, and y 
and if the time = fi, we have 
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This expression plainly cannot be integrated except the relatfon 
of ^ to x be given ; but tins it is the object of the problem to 

discover. Here then the methods of the Differential Calculus 

• • 

entirely fail : and some new process must be devised for the 
solution of problems similar to the preceding. * 


3. The method given by Lagrange bcflrs a close analogy to 
the methods of the Differential Calculus. In order to tind what 
must be the relation between x and y, to make u a niaxinium 
or minimum^ wc must conceive an expression to be assumed 
for y, and this expression to be then altered by the quantity Sy, 
Sy being some function of x. Now, in order that the assumed 
value of y may possess the desired property of tna”kiiig u a 
maximum or minimum, it is necessary that, upon substituting 
y + ®*id y — ^y for y, u may, by both substitutions, be in- 
creased, or by both be diminished. I'roin this it follows, by 
reasoning precisely similar to that employed in the Differential 
Calculus, that the sum of the terms depending on the first 
l^wer of in the new values of t/, must = O. If then we 
can by any means express this sum, w'c ihall be able to find the 
relation between x and y, that will make u a maximum or mini- 
mum, ^ 


«4. 
by an int 
instance^ 
are gives 


■idenil 
Ibe 
pcuot A 
piine 
bxtremil 


wha 


method is sufficient when, supposing ti expressed 
il, the values of x at the limits arc known : as, for 
problem of (2), the extreme points of the curve 
But these may be undetermined, as in the problem 
the line quickest descent from, one given curve •to 
c.” Suppose A a, fig. 1, to be the 

rves; APS the curve required. If we suppose Sy to 
a form that for the values of r, corresponding to the 
nd Sy is^O, the curve APB will be changed by 
a to such a curve as ApB. But though .the epn- 
the 4lSect of this variation will assist us in djMcovertng 
which is the line of shortest descent Trom the 
point B, it plainly will not enable us to deter- 
of the given curves must be selected for the 
curve required. If we suppose the form of 
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Sy to be such, that Sy is not=0 for the \alues of x correspond* 
ing to the points A and this variation will change tiie curve 
APB into A'P' B\ in which the values of x for A^ and S, are 
the same as those for A and JS. Since this new curve is not 
tertninated by the given curves, the variation is not such as the 
conditions of the problem require. The method which we have 
given, is, therefore, defecti\e; its deficiency is supplied in the 
following manner. 

5. Instead of supposing the curve to be varied by the varia- 
tion of only one of its co-oidinates {y\ suppose both co-ordinates 
to be varied ; that is, suppose the < -ordinntes of the new curve 
to be 

+ and y ^y ^^y^ 

Sx and Sy being functions of x. This amounts to supposing, 
that in fig. 2, x and y being the co-ordinates of P, 

NJV' = 5i, andQP'^Sy; 

and that, by taking successively other points of AB, a series of 
points is determined, through which A'B' is drawn, 
we take caie to give Sr and Sy, at the extremities of 
a relation, that the point A* will be found in the 
the point in the curve Bb, the variation will be 
conditions of the problem lequire. And as the 
function which we suppose to represent dx or 
absolutely arbitraiy, subjected to no otbex, 

Sx and Sy at the limits, shall have a given 
is the most general, which it is possible for us 

6. That the value of u may be a maximum or 
the sum of the terms depending on the first powers 
Sy^ as is shown by the same kind of reasoojiiig as 
the Differential Calculus, roust =:0« In findmg 

of u, therefore, we may confine ourselves to the terms 
on the first pow'er of Sx and Sy, 

7 • For this purpose, we will find Sp, Sg, 
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O’ “ 57' ^ *®')’ 


} far as the first power of and The original value of 

du ... *dy 

was ; the value, after giving to x and y a variation, ois ; 
dr m dr 


hence, Sp = ^ — ~ . 

dx dx 

d y dy d . ( 


dx 


^ dy dx dx 

*7=3? ITi; 


dr 


1 -h 


dx 


_ dy d.hy dy d,Sx^ 

dx ^ dx dx* dx * 


d.Sy 


d^Sx 

d7“‘ 

dp 


« dp dp dx dp 

3 ? - 3 ? = 5 - 33 

dx 

dp f d.ip 


1 + 


dx dp^d.&p d , Sx 
d ix dx o . 


dx ^ dx 


dx 


d • Sq d, Sx 


And ir = — r — 7^, &c- 

dx dx 

then S.y. 

bein^liipittiie function of Xjy\ Scc. that V is of x^y^ &c.) 
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Now^ suppose F to e a function of y, p, (j, &c.^ and let 

4F dF dV ^ dF ^ , 

— = Af, — = N, — = P, — = Q, &c. , 

di r dy dp dq 

then^ (to the first power of &.c.) 

F* a P 4 . M Sjt + + PSp+ 4 . &c., 

dx* d,^x 

and — = 1 -t —7 — , 
dx dx 

^ + MSi+NSy + PSp + Q^q + tu. 

Ilcnce, Su, (integrating the first teiin by parts) 

= VSx—J'Jx . ■^J'j(^MSi + NSy + PSp + QSq+Sic.). 

I 

The integrations are performed with respect to x, copsideriog 

d(F) T 

y, py q, &c. as functions of a ; hence, for — we ni|st put 

dx^ liy ^ dp ' d dq* dx^ 

a Af 4* iVp -h P 9 + Qr + &c,V*"*^ 

then, 5ii = PS 3 :+*y^ {N(Sy— pix) 

4- P (Sp — y5jr)+Q(Sy — ri j) d-Scc*} 

9 . Now^ upon substituting the values found aboli tor aj 
5 j, &c., we find 4 


^ ^ d,^y dAx ^ 

_ }i>= 'fa i 
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oo — rox = — - - — q — ^ rdx 

dx dx 

_ — y5x) _ rf*(5y— />5x) 

Tv T? ’ 

and so on. Let ^ 1 / — />Sx = ai ; then £// = 


, dto 


VSx + P— + Q 

Integrating by part.M, 




+ ike.). 


/* p r 

y,p— = Pw-j,w 


dx 


r^d‘« „dw nm i'(Qi 


d(P) 


and so for the others : it being observed, that — - — &c. signify 

dx 

the differential coefficients with respect to x, considering i/,p, y, 
&c. as functions of x. Hence, we have Su 

d{Q) 


4FSx + ai{P--^ + &c.} 

^ dx 

dut 
+ &c. 

, , J(P) rf’(«) 

!fu^ting*7or"iis, - 7 ^, &c. their values Sq^pSx, dp — qSx, 
ax 


Sfei= PSx + (5y— [P - -^+ &c.| 

+ (3/> — gix). {Q— &,c.} 

+ 8cc. 


f fv d(P) ^ I 
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Or^' since tliis quantity results from integration, and must, there- 
fore, be taken between limits, if we put y,, Sic, for 

the values of x, y, p, V, &c., at the 6rst limit, and x , y^, p^^, 
y.. See. for those at the second limit, we have hii 

+%«—/» Jo • \P»- + &C.} 


4 (Q/ “ 


-f* &C. 


+/.«{N- 


d(P) 

dx 


-&c 

^(Q) 


dx^ 


- &C.1. 


the last integral being supposed to be taken between the same 
limits as the others. 


10. When u is a maximum or minimum, the expression 
above mustssO. Now this e.xpression consists of t^o parts 
perfectly different ; the first involving only the values end 

Sy at the limits, the second being an integral dependdfat on the 
general values of Sx and Sy. Now it would be pAsible to 
assign different forms for 3 x and Sy, w’hich should l4||ve their 
values at the limits unaltered, while the value of the intAral 

^ rf(P) , «i*(Q) 

- "TT ~ 


rfx* 


should be altered in any way whatever. In order then 

niay=0, whatever be the form of Sx and Sy, we 

these two parts separately = O, which can be dooo only |j| |P SkiP^ 


„ rf(P) . d'(Q) 


&C.ssO, 


and V,M-y,Sx,+ {iy,-pJx„){P,, 
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- (h- pM) {p- + &<?.}+ &c. =0. 

aXg 

111 the latter of these equations, we must eliminate^ by means ot 
given relations^ as many as possible of the quantities 

make the coefficient of each ^remaining oiitf sepa- 
rately equal to nothing. 

1 1 . The equation 




d{P) J^(Q) 
• dx dx^ 


&c. = 0, 


may^ in most cases^ be rendered more easy of application by 
integration. Thus^ suppose there enter into V only y and p\ 
Ae equation is reduced to 


^ rf(P) ^ ^ d(P) 

N- — = 0, 


... +p* 

dx dx dx dx dx 

iDt^ratin^ j V = Pp + C. Suppose V involved only p and q ; 
d(P) «f(Q) j. _ I 



dx dx dx 

d(Q) 




d a 

+ 


integrating, V =Qy + Cp + C'. 
F contained only y and q \ then 

If + — = 0, or 2V= - 

dP{Q) 


dx* 

.k$: + «4« = - 


dx 


dr 


+ Q^. 

dx* ^^dx* 
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intcgratuig^ V ss Q,q — p ~ + C. 

Arid similarly in other cases. 

12. We proceed to illustrate, by examples, the application 
of these formulae. 

It is required to find the shortest line that can be drawn from 
one given point, to another given point. Here 

into which p only enters ; the < quation 


• , &c. 3= O, becomes 




c 

y/T^ 


and it is a straight lire. Since the extremities are mvariable 
Sy^, Sy,,, arc alis=0; and, therefore, the first part o 
S u vanibhes without any relation between Vj P, 8cc. . 

13 . It is required to find the shortest line that ca| be drawi 
from one given curve to another given curve. Here | 

n/ ^ +P% n/i +P* » 

artd, as before, 


The other equation becomes 

- p, (V#- 

OT Pjpti + (^« - P4>J - P.h, ~ *“®* 

Let ABf (fig. 2), be the line required ; then, 

to as the point A' is to be found in thaK^&Mi Aa, A 
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ratio of to 5^, or of At to tJ", must be tlie same as tEe 
ratio of flie increment of t, to the increment of y, in the curv^ 
dy 

A a. Let — =z m, be the difTcrential equation of the cutve 

Aa\ then niust = m^r,. In the same manner, if = « 

• ^ ax 

be the differential equation of the curve Bh, = Also, 

p«=c'; 


— >/ 1 +/>»* — 


p. 


V- B„p„ = 


n/ * +;»,* 1 +p/ \/*i + (''■ ’ 

1 


and P=P = 


v/l + 6'*’ 

r 

I'lkibttttutitig, the equation becomes * 

(77%7T^) 

and since ve cannot assign any relation wliicli in all cases, 
subsist beyRsen and we must inakcdcach coefticient = O, 

>^l+tiC^=sO, l+f/iC' = 0. 

|uations shew^ that the line required must cut both the 
as at right angles. 

> required to find the curve of quickest descent from 
pint^'lo another given point. Let the higher point 
imde & origin of co-ordinates. 

C'^Hero and, therefore^ "“X ~ 
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* -s/T+V 

must be a minimum ; and as this contuins onlj 

vy 

y andjs, we must have, by (11), 


Now P =: 


s/yJTTf’ 




... n/^±p" - 

Vy >7y*y ' +f'’ c 

or ,^/y . 1 +p* = C ; 


rfx 1 


y 


■■‘^y P >/c*y-y’’ 

:, X + (7 = ^ ver sin-' ^ - x/C*y-y*; 


integrating; 


the equation to a cycloid^ whose base is horizontal^ wbibse vertex 
is downwards, and whose cusp is at the higher of the gij^n poiilta* 

15. It is required to find the curve of quickest d&cent from 
one given curve to another given curve, the velocity at ftvery point 
being tliat acquired by falling from a given horizontalVne. 

Here, (as in the last), V = ; ^a^j|ji 

iV - + &c.=0, 

ax 

gives is/ y I +p* =s C. . 

1 . « P t 


Also, V—Pp=s-^i and P = 
Hence, the equation for the limits becomes 


C- ‘ 
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dy dy • • , 

or, if -f- = -f- = n, be the differential equations to the 

dx ax • 

given curves, Sy, miist = /n3T,, and iniist=«^J’„, agd 
«Pu+ • 


^S,,_ 


Since there is no relation between and 5r„, we must have 
wy^+l=0, wry, + 1=0; 

• 

that is, the cjcloid will cut both the curves at right angles. The 
cusp of the cycloid, as appears from the equation, will not be 
at the point at which the falling body leaves the first curve, but 
will be ill the given horizontal line. 

l6e To find the form of a solid of revolution, that the rcsist- 
nnee in ipoving through a fluid in the direction of its axis, on 
tii6 ti8ua|;:"8Upposttion8, may be a minimtiis. 


ra^stance <xj'ry “ 

;yp* 


+ P* 


.'.V 

bd the 


■i 


„ 3p*(l+p*)-^_ , 

^ ^ (i+pY ^‘(i+pV’ 


+P*’ 

wtion V —Pp + C gives 




3P* + P’ 




? = y 


(! + P“) 


+ C, 


or 







(1 + P*) 


+ C = 0, 


vOquation to the curve, by whose revolution the 
ia generated. 

the curve, which, of all that can be drawn 
iven points, contains between the curve, the 
Y 
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evo^ute) and the radii of curvature at the extremities, the least 
area. If A be the incr^iinent of x at any poi nt, th e corresponding 
Increment of the aic is ultimately A 1 + pS the radius ot 
* f 1 

hence, the increment of the area is 


curvature = 
ultimately A ^ , •. u 


(l-hP^y 




-27 

Hue, r = 


must be a minimum 


7 
(I 

f 

7 

and ay this involves oiil^ p and 

V=Qg-{-Cp + C, bj (II) 

2(1+ py 


And Q = — 


(1 4-p’)’ 




Hcikc, 


7 * 7 

(Cp + €')•/ 


= Cp + C. 


(1 + py 


— C -f C^p 

integrating, — y ^ p — ^ ' tali'** p = 4 (t + a), 

(Cp" ^ Cp)7 _ 


And 




(I -^PO" 

integiating, tan”*p = 4(y +1||* 

Eliminating tan~*p, 

= 4 {C(r ^ n)- C(y ^ 

Let C = 4/* sill 0 ; C' « 4/<8M ; 

substiUitiiig, 

coa 20 + sin 20 p 


1 + p* 


= stn 0 (r + a) — c 
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To transform this into a more simple equation^ we will first chfingc 
the origin of co-ordinates, preserving thPir direction ; if x' and V 
be measured from a point whose co-ordinates arc — a and 

then, r =jr + r/, y =y + ft, p' 
md the equation becomes 

cos 20 + sin 20 .p^ 




!+/''*- 


= sin 0 . jr' — cos 0 . 


Now, take a new system of co-ordinates x" and i/', (fig. S.) 
having the same origin as x' and y, but inclined to t]iem at an 
angle 0 ; then 

y =s .r sin 0 — y cos 0 ; .i' = t cos 0 + y sin 0 ; 

• 1 £ 

, ^ dy ^ ^ ® ^ V ^ 

^ dx fix* cos 0 -I- sill 0 . * 

77 ' • 

, , . . cos* 0 — sin* 0 . p**" „ 

|nd substituting, / //'*" “ ’ 

j “ y" + / s'«* «>■ (y ' + ./ • o + p"*) =yi 

the e^yptioa to a cycloid. If the position of the tangents at^the 
Ljpoilits ^ given, the constants must be dctcmiincd, so 
>^cloid pass through the given points, and touch 
tangents. 1/ the extreme points only be fixed, leaving 
tions of the tangents indeterminate, Sx^, 3y^^ 3y,,, 

and the e^tion 

■ {p»- 


- (Jjr.-PA) {P.- 



CALCLLI'S OF VARIATIONS. 


+ Q«- (^>/ - Q/ = o* 


1 C reduced to 


^,h.. - = 0. 


Let <p^ and be the angles ^^liich the diiections of the tan- 
gents at the extreme points make \sith the axis of x ; then 

p., = = < 1 + p„"> ^p, = (i + p ®) 50, ; 

, o -ZlL±^ ,> -( i+p;)V 

and making equal to nothing the c efficients of and ^0^^ 
we find 


that is^ at the extremities, the radii of euivature are each = 0; 
thercloie these points are cusps; therefore the curve ia a com- 
plete cycloid. ^ 

18. In all the examples aboxe^ we have siippose^^ as ia^. 
commonlv the case, that V does not involve the limitJ of dia'' 
iiitegial. But It may happen, that V will involve the Jaluea of, 
.r. y, p, &.C. at the limits. In that case we must rectr to tlie 
investigation in (8) ; instead of giving F' the value WKb it has 
there, we must put ^ 

4 - MSx + 4 * Pip + & 

By going through the same operation as is there perfoJIil 
find iu 

pM.> \p.- + &cj| 
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Ac.] 

+ &C. 


+/x"^V- 


il(p) 

dx 


dx^ 


— &c.} 




+ &C.) . 


Now, &c., are not functions of .r, generally, but o 

the limiting values o&i ; and^ therefore, in the integration thei 
may be considered constant with respect to x, and may be pu 
before the integral sign as multipliers. The lust line, therefore 
is not to be connected with that immediately preceding, but witli 
the former parts. Thus wc have 




ose, for instance, it were required to find the curvi 
defK:ent fjcpm one given curve to another given curx^ 
beikg |iipposed to commence at the first. 

n/ 1 +P* 



Here// « f -^>iLlL=_ 

«g(y - y> 



f 


then V = 


y/y-if,' 



CALCULL'S OF VARIAT/oNS. 


lU 


aiul by ( 1 1 ), 

•c 

V=pp+ or s/y—H, s/ » +p'' “ 

and th J curve is a c^fcloid in the same position as before, its cusp 
beinjr at the point from which the motion begins. Now 

. A 

enter into V\ and to integrate — , we observe 

that, from the form of V in this particular case, 

dV dv dO /. V 

— = --j-=-N= (since N -~ — =0)i 

dy dy dv V dx ^ 


•' X dy^ 


which, taken between its limits, is — P„ + P,. Hence, Wv 
have for the first part of 5 «, , 

+ P„ - pJ-*-,,) - — P, h* 

= iK- P„Po) Pjy,- (K-P,p,) 

— “ 5j' 3v — — 3xj — ~ 3i/,, 

^nd, if the equations to the limiting curvei^be 

£=”. S=-.> 




we must, as before, put Sy^ s ^ 

find 

(! + p„fi) - (I + p„m) ix, *8 C 
then, since and are indeterminate, we al 
1 -f p,,n=:a. 


r 
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^'hich shews that the cycloid cuts the second curve at right 
angles, ^iid 

1 + = 0 , 

which gives m^fi, and shews that at the points where, the 
cycloid meets both curves, their tangents arc parallel. ^ 


20. There yet remains a very extensive class oT problems : 
those in which the value of one function (v) is given, while 
another (ti) is to be made a maximum or ininiinum. For in- 
stance ; it is required to find the form of a curve, whose length 
is given, that the area contained by it may be the greatest 
possible. If we talcc the variation of u as in (0), wc«inust not 
as in (10) make the two parts, of which it consists^ separately 
sO; for it is not necessary that be = O for any values 
whatever of Sx and Si/^ but only for such values as make 
jvssO; a condition which would by that process be entirely 
neglected. If, however, we make Su + aSv=^0 (a being a 
constant to be determined), on the supposition that Bx and iy 
Jiave aqy^^ values Whatever, then, the values of Sx and Sy which 
make 0, and no other, will make^// =0. And, at the 


ifm time, an additional constant is introduced into the equation 
and y, which enables us to give to v the value re- 
^mred injm statement of the problem. Hence, when u is to 
be* made & maximum or minimum, while the value of v is 
constant, M must make S (u + av) ssO, proceeding in the same 
manner apm the simpler cases. And, if it* were required that 
u s bgiihBN i^^maxiiRqm or minimum, the values of the functions 

the same reasoning would shew that 
and so for any number of 
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CALCULUS OF VARIATIONS. 


x=C'-V’«*-(C-y)»; (r-CT+(y-C)* = o*, 

the equation to a circular arc. If the limits be fixed^ the values 
of the constant must be determined so as to make the length of 
the arc equal to the given length, and to make it pass through 
the two given points. If the limits be not fixed, suppose the 
first and last ordinates AM, BN, fig. 4, to be given ; then, 
since = 0, the equation for the limits reduces 

itself to ^ 

(^„ - P.pj - (F, - P,p,) Sx, = O ; 


from which 


P,r-P,.Pu = ^> P,-P,P.-^- 

Since V—Pp=Cf these equations are satisfied niaki|^CaaOf. 
(x-Cr+y» = «*: 


that is, when the lengths of the ordinates AM, B 
arc AB arc given, the area AMNB is a maximui 
a circular arc, whose center C is in the line MNi 
BN, each = 0, MN is the chord of AB : and, it 
the curve which, with a given length, contains bet 
an(l its arc the greatest area, is the aeifif-ctrdf^ 

33. Given the length of a curve, to^^ffiS its foriiT^ 
center of gravity may be the lowest lief J 

b ; then, the depth of the center of gri|)j|2 ^ J 
the length ^J^xs/ 1 +p^ i hence 

o 


nul-^ 

rii.B 

It 

irs "that 
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“ + I 

and making F = Pp + C\ - = C, 

sf\ +/ 


whence j* = ^C.Iog {y + ba -t- — i*C*)} + C'; 

• • 

the equation to the catenary. If the extreme points be not 
fixed, but move on curves, it will be found that the catenary 
will cut the curves at right angles. 

23. Given the surface of a solid of revolution, to find its 
nature, that the solid content may be a iiiaxiinum. l^et x be 
measured along the axis of revolution ; 

the surface ^ s/ \ +// ; the solidity = tt J*xy* I 

V %/ 1 +/#*; V—Pp-hC' gives - = C— y*, 

V * -Tp 


whence = 


C-.v* 


s/ay-{C-yr 

if^iD€ and last ordinates of the generating curve, and the 
iKstaiice l|ktweeii them, be fixed, this equation (supposing it 
lntegrated|^is sufficient; the three constants which the integral 
contain must be determined so as to make the 
^ordinatesi, and the surface, equal to the giveti 
9^' distance between the first and last ordinates 
and the equation for the 


Nii«|jba 
first 



nihUon between it,, and ir,, C — 0. 
—9* _ . 

^y-v* >/«*-/’ 


[+-C' *./«*“/> 
z 
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the equation to a circle, whose center is in the line of ebscissn : 
and the solid is^ therefore, a portion of a sphere included be- 
tween two planes perpendicular to a diameter. If the first and 
last ordinates be 0^ the solid is a whole sphere. 

34. Given the Avhole surface of a solid of revolution (in- 
cluding the circular ends), to find its form, that the solid content 
may be a maiimum. The solidity ss : the surface 

= 2 vfry »y 1 +j»* + *• (.y* +y,i ') ; 

hence, ^e must make 

^ (fxjf* +«Av ^ (i'^+.V//®)) =0. 

The part under the sign of integration will be the same as in 
the last problem, and the equation derived from it will be the 
same, or 

-.fjf , 

dx ^ C y* 

The part depending on the variation of the limits, piidea fte 
usual terms 

Sx,+pjy,- 1 

must have the terms which express tKiT^riatlfiu < 


that is, a 

Making the whole = 0, 
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The two first coefficients shew that C and that ihc solid is 

part of a sphere; the third and fourth require that 0, 

11 * 
y^ = 0; or that — =0, — =0, which agree with the foriyer ; 

Pit Pi 

hence^ the solid is an entire sphere 


25. Required the curve of quickest descent fioni one given 
point to another given point, the length of the curve being given. 

Hen 

and V = Pp + ( givis ^ + 1 = T ^ I 4* p'* 

V V 


the differential equation to the cuivc. The constants must be 
determined so as to make the length of the cuive equal to the 
given quantity, and to make the curve pass thioiigh both points. 


Given the mass of a solid of involution, required its 
flam, tfiat the attraction upon a point in the axis may be a 
Let the solid be divided into slices by planes 
ar to the axis of revolution, then, smcc the at* 
tract^ W A circle, whose thickness is // and radius y, upon 
a point aiphe distance x from its^ec ntcr, is ultimately 




^*1 
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fisO, or X (i*+y*)^ *5^ 

tbe^ equation to jkhe curve by the revolution of which the solid 
if geiu£s|nted.i If the first last values of x be giveu^ a must 
be detennifikli so that the* included solid = the given solidity. 
If the £rsl and last values of x are indeterminate, the equation 
of the limits is 


y^=o. f;= 0; .y„=o, y,*0; 

and the ;^olkl must be that On* <ated by the revolution of the 
wh<de curve, whose equation is 

JT + 2 n (^* +y*)* = O, 

a bdng determined so that the whole solidity = the given eulidity. 

• . ' JL ♦ 

9ff. The fulea and examples above will serve to afekhNU 
all jhe cases that commonly occur.; and the aame |iiiiii i|ll|>'yi* 
eM^ be extended to mdre difficult proems. 
gaki^ of the cases whan « is given by ilouble iob 
1^ /m solution tii a differentwl equatiou, or wJi 
fuBCttoD of two or more independent variablei^ 
depsnds upon another integral, .the reader b referred 
Traiti dm Cakul ef d« GeJbrf 

|f**, oi to Woodhouae’a 











